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Preface

This book deals with the classical kinetic theory of gases. Its aim is to present
the basic principles of this theory within an elementary framework and from
a more rigorous approach based on the Boltzmann equation. The subjects
are presented in a self-contained manner such that the readers can under-
stand and learn some methods used in the kinetic theory of gases in order to
investigate the Boltzmann equation.

In Chapter 1, a sketch on the evolution of the ideas of the kinetic theory
is presented. Afterwards, the basic principles of an elementary kinetic theory
are introduced, which are based on the concepts of mean free path, molecular
mean velocity and mean free time. The Maxwellian distribution function is
determined from statistical arguments, and the transport coefficients of shear
viscosity, thermal conductivity and self-diffusion are obtained from the ele-
mentary theory. The most common interaction potentials used in the kinetic
theory of gases are also introduced in this chapter, and the dynamics of a
binary collision is analyzed.

Chapter 2 is dedicated to the study of the Boltzmann equation. First, the
Boltzmann equation is derived and the equations of the BBGKY hierarchy are
determined. From the knowledge of the transfer equation—which follows from
the Boltzmann equation—the macroscopic balance equations for the moments
of the distribution function are derived. The equilibrium distribution function
is determined from the Boltzmann equation and the equilibrium states of
a rarefied gas are also analyzed. In this chapter, the H-theorem and the
paradoxes of Loschmidt and Zermelo are discussed. The chapter ends with
an analysis of the different forms of the entropy which are used in statistical
mechanics to describe the canonical and microcanonical ensembles.

The Chapman—Enskog method is the subject of Chapter 3. First, a phe-
nomenological theory based on the thermodynamic theory of irreversible pro-
cesses is used to determine the laws of Navier—Stokes and Fourier of a single
fluid. Afterwards, a simplified version of the Chapman—Enskog method is
developed in order to derive these laws and to determine the transport co-
efficients of shear viscosity and thermal conductivity of a monatomic gas.
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A more formal version of the method and the so-called BGK model of the
Boltzmann equation are also presented in this chapter.

In Chapter 4, the moment methods are analyzed, which consist of the
Grad’s method, Maxwell and Tkenberry—Truesdell method and the Chapman—
Enskog—Grad combined method. The Boltzmann equation in non-inertial
frames of reference and the frame dependence of the heat flux vector are
also discussed in that chapter.

Polyatomic gases are studied in Chapter 5 within the framework of a
semiclassical model and of a classical model. The case of a polyatomic gas of
rough spherical molecules is also discussed and the transport coefficients for
this simple classical model are determined.

Chapter 6 is devoted to the analysis of moderately dense gases. First,
the van der Waals equation of state is derived from the virial theorem and
afterwards the Enskog equation for moderately dense gases is presented. From
the knowledge of the distribution, the coefficients of shear and bulk viscosity
and thermal conductivity are determined for a moderately dense gas. This
chapter ends with a discussion on the modified Enskog equation.

Granular gases are examined in Chapter 7 where the cooling rate and the
corrections to the transport coefficients due to inelastic collisions are deter-
mined. A sketch on the theory of granular gases of rough spherical molecules
is also presented in this chapter.

In Chapter 8, mixtures of monatomic gases are analyzed. The Navier—
Stokes, Fourier and Fick laws are determined from the knowledge of the
distribution functions of the constituents, and the transport coeflicients are
obtained for mixtures of arbitrary number of constituents. The case of a
binary mixture is likewise discussed in this chapter.

The last chapter is dedicated to the study of chemically reacting gas
mixtures. It begins with a thermodynamic description of chemically react-
ing systems and the determination of the Boltzmann equations which take
into account the bimolecular reactions of the type Ay + Ay = Az + As.
The H-theorem is analyzed, and for the chemical reaction Hy + Cl =
HCIl + H, the transport coefficients are determined and the trend to equi-
librium is discussed. Symmetric reactions of the type A+ A = B + B are
also studied in that chapter and the influence of the heat reaction on slow
reactions is determined. Furthermore, the symmetric reaction which proceeds
without a barrier and the influence of the molecular geometry on chemically
reacting systems are, in addition, discussed.

In almost all sections of the book exercises are proposed directly related
with the text.

It is expected that this book could be useful as a textbook for students and
researchers who are interested in the foundations of the Boltzmann equation
and in the classical methods used in the kinetic theory for the determination
of the transport coefficients of the gases.

Parts of this manuscript refer to several courses I have been teaching since
1986 at my Department and other Departments at Universidade Federal do
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Rio de Janeiro, Universidade de Sao Paulo, Universidade Estadual de Ponta
Grossa and Universidade do Minho (Portugal). I would like to thank all my
students, collaborators and colleagues for comments and remarks on parts of
the present manuscript, especially Professor Ingo Miiller, Dr. Giselle Munhoz
Alves and Dr. Wilson Marques Junior. I thank Gislaini Jacomini for reading
the manuscript and helping with the English wording.
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Chapter 1
Basic Principles of the Kinetic Theory

1.1 Introduction

One of the main objectives of the kinetic theory is to describe the macroscopic
properties of gases—such as pressure, temperature, thermal conductivity, vis-
cosity, diffusion, etc.—from microscopic quantities that are associated with
the molecules which compose the gases—such as mass, velocity, kinetic en-
ergy, internal degrees of freedom and interaction forces between the molecules.

The concept of the atomic theory of the matter was formulated—according
to Aristotle (384 BC-322 BC) and his pupil Theophrastus (ca. 372 BC—
287 BC)-by Leucippus of Miletus (ca. 480 BC—ca. 420 BC) and his disciple
Democritus of Abdera (about 460 BC to about 370 BC). The only statement
of Leucippus known today is “Nothing happens in vain, but everything from
reason and of necessity”, while one attributed to Democritus and related with
atoms is “By convention sweet, by convention bitter, by convention hot, by
convention cold, by convention color: but in reality atoms and void.”

Whereas Aristotle did not agree with the ideas of atomism, Theophrastus
had another point of view concerning the composition of matter: “Both matter
and void have real existence. The constituents of matter are elements infinite
in number and always in motion, with an infinite variety of shapes, completely
solid in composition.”

The ideas of atomism of Leucippus and Democritus were supported by
Epicurus (341 BC-270 BC), who in a letter to Herodotus wrote “Again,
of bodies some are composite, others the elements of which these composite
bodies are made. These elements are indivisible and unchangeable, and nec-
essarily so, if things are not all to be destroyed and pass into non-existence,
but are to be strong enough to endure when the composite bodies are broken
up, because they possess, a solid nature and are incapable of being anywhere
or anyhow dissolved. It follows that the first beginnings must be indivisible,
corporeal entities.”
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The concept of atoms was passed from the Greeks to the Romans, and
the poet Titus Lucretius Carus (ca. 99 BC—ca. 55 BC) wrote in his book
“De Rerum Natura”:

“So, any atom has a singleness

Solid, coherent, not compound, but strong
In its eternal singleness and nature
Which keeps it as a seed of things, allows
No diminution nor subtraction from it.”

The ideas of atomic theory passed from the Romans to the Renaissance pe-
riod where Pierre Gassendi (1592-1655), a French philosopher, scientist and
mathematician, attempted to reconcile the atomism with Christianity. Robert
Boyle (1627-1691), best known for the law which bears its name and gives
the relation between pressure and volume of a gas, proposed a qualitative
atomic theory in order to explain the elasticity (éAarnp) of the air. Isaac
Newton (1643-1727) in his “Philosophiae Naturalis Principia Mathematica”
(1687) discussed also the elasticity of air and wrote “.. particles fleeing from
each other, with forces that are inversely proportional to the distances of their
centres, compose an elastic fluid, whose density is as the compression”.

The main founders of the theory known nowadays as “Elementary Ki-
netic Theory” were the scientists: Daniel Bernoulli (1700-1782), John Hera-
path (1790-1868), John James Waterston (1811-1883), James Prescott Joule
(1818-1889), Karl Kronig (1822-1879), Rudolf Clausius (1822-1888) and
James Clerk Maxwell (1831-1879).

Bernoulli in his book “Hydrodynamica” (1738) explained the compressibil-
ity of elastic fluids (gases) by considering the gases constituted of very small
particles in very rapid motion. He succeeded to deduce Boyle’s law from his
model and a correction to it when the relationship between the diameter of
the molecules and their mean distance was not negligible. Furthermore, he
obtained a relationship connecting the pressure with the mean square of the
molecular velocities.

In 1821, Herapath developed a kinetic theory and obtained almost the
same results as Bernoulli but in a more systematic way. He introduced the
concept of particle number density which he called “numeratom”, but related
the temperature to the momentum of the molecules of the gas and not to
its energy. Unfortunately, his works were rejected by the Royal Society of
London, the referees claiming that his investigations were too speculative.

The next development of the kinetic theory came with Waterston, who
in 1846 succeeded to obtain from a kinetic theory the correct expression for
the dependence of the pressure on the particle number density of the gas
and the mean square of the molecular velocities. In his report to the British
Association, in 1851, it is stated “.. He (the author) shows that the result of
this state of motion must be to give the gas an elasticity proportional to the
mean square of the molecular motions, and to the total mass of the atoms
contained in unit of bulk; that is to say, to the density of the medium. This



1.1 Introduction 3

elasticity, in a given gas, is a measure of temperature...” He also showed that
the temperature of a gas was proportional to its energy and introduced the
energy equipartition principle. The fate of the works of Waterston was the
same as that of Herapath; they were rejected for publication by the Royal
Society of London.

Herapath’s kinetic theory was restored by Joule in 1848 who using this
theory calculated the velocity of a hydrogen molecule and estimated the heat
capacity of a gas by considering only the translational motion of its molecules.

Kronig in 1856 published a paper that has called the attention of other
scientists to the field of kinetic theory of gases, since he was a well-known
scientist at that time and editor of the prestigious journal “Die Fortschritte
der Physik”. In his paper, there were no significant advances with respect to
the previous works but it was considered as an independent research.

A new impulse to the kinetic theory of gases came in 1858 with the answer
of Clausius to the question formulated by the Dutch chemist and meteorol-
ogist C.H.D. Buys-Ballot (1817-1890), who argued that: if according to the
kinetic theory, the molecules of a gas have a large mean velocity—about 1,800
m/s for hydrogen molecules—they should diffuse and mix more rapidly than
it is observed in the experiments. For the answer, Clausius introduced the
concept of mean free path—which is the length traveled by a molecule of a gas
between successive collisions—and stated that the molecules undergo encoun-
ters with other molecules which change their direction after a very short time
of flight, the so-called mean free time. Clausius also recognized the impor-
tance of a link between the kinetic theory and thermodynamics. Furthermore,
he calculated the velocity of the molecules of some gases and considered—
apart from the translational—the rotational motion of the molecules of a gas.
Aside from the formulation of the second law of thermodynamics, Clausius
gave also another important contribution to the physical sciences by propos-
ing the so-called “virial theorem”, which can be used for the determination
of an equation of state for a dense gas (see Section 6.1.1).

The last great scientist who developed the elementary kinetic theory was
Maxwell, who in 1860 deduced the velocity distribution law which nowadays is
known as the Maxwellian distribution function. He succeeded in determining
the shear viscosity coefficient of an ideal gas and showed that it depends on
the temperature but not on the particle number density, a fact which was
unknown at that time.

The main scientists who developed the modern kinetic theory of gases were
James Clerk Maxwell (1831-1879) and Ludwig Eduard Boltzmann (1844—
1906).

The foundations of the modern kinetic theory of gases were established in
1867 by Maxwell, who proposed a general transport equation for arbitrary
macroscopic quantities associated with mean values of microscopic quanti-
ties. This equation of transport relates the time evolution of a macroscopic
quantity with the motion of the molecules, collision between the molecules
and action of external forces. Although the theory was valid for any molecular



4 1 Basic Principles of the Kinetic Theory

interaction potential, Maxwell could only determine the transport coefficients
of shear viscosity, thermal conductivity and diffusion by assuming that the
interaction potential was derived from a repulsive force which was inversely
proportional to the fifth power of the relative distance between the molecules.
Nowadays, this type of potential is known as Maxwellian potential. About the
kinetic theory proposed by Maxwell, Boltzmann wrote the following remark:
“.. First the variations in velocity develop majestically, then the equations
of state enter on one side, the equations of the central motion on the other;
ever higher surges the chaos of formulae. Suddenly, four words sound out:
‘Put n =5". The evil demon V (velocity) disappears...”

The kinetic theory of gases gained a new impulse in 1872 with the work
by Boltzmann, who proposed an integro-differential equation—the Boltzmann
equation—which represents the evolution of the velocity distribution function
in the phase space spanned by the coordinates and velocities of the molecules.
In the Boltzmann equation, the temporal change of the distribution function
has two terms, one of them is a drift term due to the motion of the molecules,
while the other one is a collision term related to encounters of the molecules.
Based on this equation, Boltzmann proposed the so-called H-function which
decreases with time or remains constant. The identification of this function as
the negative of the gas entropy gave a molecular interpretation of the increase
of the entropy for irreversible processes. Furthermore, Boltzmann in the same
work presented a rigorous deduction of the Maxwellian distribution function.

The determination of the entropy from a molecular theory turned out to
be one of the cornerstones of a new physical theory: statistical mechanics, a
name which was coined by another founder of this science, the great Ameri-
can scientist Josiah Willard Gibbs (1839-1903). However, the explanation of
the second law of thermodynamics by a molecular model was not yet in con-
sensus among the scientists in Boltzmann time. Indeed, two paradoxes were
discussed at that time, which are connected with the molecular interpretation
of the entropy increase, namely:

(a) The proof is based on Newtonian mechanics where time is considered
reversible, hence under time reversal the entropy should decrease. This is
known as the “time-reversal paradox” formulated by the Austrian physicist
Josef Loschmidt (1821-1895) and

(b) According to a theorem of the French mathematician Jules Henri
Poincaré (1854-1912), any isolated, finite and conservative system of parti-
cles should return to an arbitrary small neighborhood of its initial state after
a sufficient large time interval, the so-called Poincaré recurrence time. Hence,
the entropy—according to its molecular interpretation—should approach its
initial value after a finite time which could be attained only by decreasing
its value. This is the “recurrence paradox” formulated by the German math-
ematician Ernst Zermelo (1871-1953) who at that time was an assistant of
the German physicist Max Planck (1858-1947).

The above paradoxes will be discussed in Section 2.8.4.
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From the Boltzmann equation, one could determine the velocity distribu-
tion function and hence the transport coefficients of rarefied gases; however,
this task was not so easy. Indeed, it took almost 40 years after the proposition
of Boltzmann equation for David Hilbert (1862-1943) to show how one could
get an approximate solution of the integro-differential equation from a power
series expansion of a parameter which is proportional to the mean free path.
Further advances were due to Sydney Chapman (1888-1970) and David En-
skog (1884-1947) who—in the years 1916 and 1917—calculated independently
and by different methods the transport coeflicients for gases whose molecules
interact according to any kind of spherically symmetric potential function.

Although the kinetic theory of gases is nowadays an important theory in
science, in Boltzmann time, there were scientists who were against the use
of “hypothetical concepts” such as “atoms” in natural sciences. The princi-
pal opponents were: Ernst Mach (1838-1916), Wilhelm Ostwald (1853-1932)
and Ernst Zermelo (1871-1953). The criticism was so severe that Boltzmann
wrote in the preface of his book on kinetic theory of gases: “..It was just
at this time that attacks on the theory of gases began to increase. I am con-
vinced that these attacks are merely based on a misunderstanding, and that
the role of gas theory in science has not played out. ...In my opinion it would
be a great tragedy for science if the theory of gases were temporarily thrown
into oblivion because of a momentary hostile attitude toward it, as was for
example the wave theory because of Newton’s authority.”

Boltzmann committed suicide on September 5, 1906 in the village of Duino
in Italy and in the years following his death, the atomic theory of matter was
recognized as a well-established physical theory, thanks mainly to the theoret-
ical explanation of the Brownian motion and the experimental determination
of the Avogadro’s number from this theory (see Section 1.3).

This book deals with the classical kinetic theory of gases and its aim is to
present the main ideas behind the Boltzmann equation and the methods used
for the determination of the transport coefficients in gases, including shear vis-
cosity, thermal conductivity, diffusion and thermal diffusion, which are related
to the classical laws of Navier-Stokes, Fourier and Fick. The particle systems
analyzed here are restricted to ideal monatomic and polyatomic gases, dense
gases, granular gases, mixtures of monatomic gases and chemically reacting
gases. The transport coefficients are obtained here by using the classical meth-
ods of the kinetic theory and the question of various higher order corrections
is not addressed here. Furthermore, in this book it is not discussed neither ex-
act nor numerical solutions of the Boltzmann equation and of the field equa-
tions derived from it. The analysis of the Boltzmann equation is restricted to
small Knudsen numbers where the collision term is important for the deter-
mination of the transport coefficients. The calculation of the transport coeffi-
cients from the Boltzmann equation for realistic potential functions is a very
difficult problem which can be solved only through numerical calculations. In
order to have explicit expressions for the transport coefficients only very sim-
ple potentials (hard-sphere potentials, purely repulsive potentials, etc.) were
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analyzed. In view of the schematic nature of these potentials, no comparison
with the available experimental data has been attempted in this book. The
book is intended to be an introductory textbook on the Boltzmann equation
and not a compendium of recent results. Therefore up to date references are not
given in each section and modern developments are not discussed. The reader
who is interested in the contemporary developments in the theory of the Boltz-
mann equation and the rigorous mathematical methods of kinetic theory of
gases should consult the books:

e G. A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas

Flows (Oxford University Press, Oxford, 1994).

C. Cercignani, R. Illner and M. Pulvirenti, The Mathematical Theory of

Dilute Gases (Springer, New York, 1994).

C. Cercignani, Rarefied Gas Dynamics: From Basic Concepts to Actual

Calculations (Cambridge University Press, Cambridge, 2000).

Y. Sone, Kinetic Theory and Fluid Dynamics (Birkh&auser, Boston, 2002).

C. Cercignani, Slow Rarefied Flows: Theory and Application to Micro-

Electro-Mechanical Systems (Birkh&user, Basel, 2006).

e Y. Sone, Molecular Gas Dynamics: Theory, Techniques, and Applications
(Birkh&user, Boston, 2006).

It is hoped that the book could be useful to the beginners in the field who
are interested in the historical development of various approaches to the
Boltzmann equation and in the classical tools of the kinetic theory of gases
which are still widely used for the determination of the transport coefficients.

The notation used throughout this book is the following:

(a) Cartesian notation for tensors is used with Latin indexes 4,7k, ... —

which may range from 1 to 3—denoting the three-dimensional system of

spatial coordinates x,y, z;

(b) Einstein’s summation convention over repeated indexes is used, for ex-
3

ample, Tjjv; = ijl Tijv5;

(c) Parentheses around the indexes denote the symmetric part of a tensor,

brackets its antisymmetric part, while angular parentheses refer to its trace-

less symmetric part, for example,

1 1 1
Ty = 5T + Tji)s - Tiiy = 5(Tij = Tji)s - Thigy = Ttig) — 5Teris-

where §;; is Kronecker’s symbol, defined by

5oL i i=j
W70, i i#j

The traceless tensor T(;;) is also called tensor deviator;
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(d) The permutation symbol is defined by

1 if (4,7, k) is an even permutation of (1,2, 3),
Eijk = —1 if (4,4, k) is an odd permutation of (1,2, 3),
0 otherwise.

The following identities for the permutation symbol hold:

Eijk€imn = 0jmOkn — Ojnlkm, €ijk€ijn = 20kn, €ijk€ijk = 6.

1.2 Molecular Structure of a Gas

1.2.1 Basic Principles

The kinetic theory considers the gases composed by a large number of
molecules, which in the major part of time intervals are moving independently
towards each other across the volume they are restricted. In the absence of
external body forces, the molecules move in straight lines and their motion
is briefly interrupted when they collide either with themselves or with the
walls of the recipient. If the potential energies of the molecules are negligible
in comparison to their kinetic energies, the gas is called ideal or rarefied;
otherwise, it is known as dense or real gas.

In order to have an idea of the characteristic dimensions valid for an ideal
gas, suppose the molecules as hard spheres of diameter d. As is well known
in physical-chemistry, a mole of an ideal gas at a temperature of 273.15
K and pressure of 1 atmosphere (102,325 Pa) occupies a volume of Vi =
2.24 x 1072 m? and has a number of molecules equal to Avogadro’s number
N4 = 6.022 x 10?3 molecules/mol. In this case, the particle number density
is of order of n = N4/Vis ~ 2.68 x 10?® molecules/m?, and by supposing the
molar volume divided into small cubic cells with one molecule per cell, the
volume of each cell is approximately Vo = 1/n ~ 3.72 x 10726 m3. Hence, the
length of the edge of each cell is D = /Vz ~ 3.34 x 1072 m, which represents
a mean distance between the molecules.

Consider now one test molecule which moves with a mean relative velocity
g in a gas where the particle number density is n. From Figure 1.1 one can
conclude that per unit of time the test molecule will collide with all molecules
whose centers are within the cylinder of basis 7d? and height g. Hence, the
collision frequency v is given by

v = nmd?g, (1.1)

while the mean free time 7, which is the inverse of the collision frequency,
reads



8 1 Basic Principles of the Kinetic Theory

1 1
v nmnd°g

Fig. 1.1 Collision cylinder generated by the test molecule.

The mean free path [ is defined as the mean distance traveled by a molecule
between two successive collisions. Since the molecule moves with a velocity
equal to the mean thermal velocity ¢, the mean free path becomes

c

l=cr nd%G (1.3)
The mean collision time 7, represents the time interval of interaction be-
tween molecules and it is considered to be proportional to the range of the
intermolecular forces and inversely proportional to the mean relative veloc-
ity of the test molecule. The range of the intermolecular forces are of the
same order of the molecular diameter, which implies that the collision time

is proportional to the ratio

d
Te X —. 1.4
7 (1.4)

Exercise

1.1 Estimate the collision frequency v, the mean free time 7, the mean free
path [ and the mean collision time 7. of an ideal gas with: (i) particle number
density n = 2.68 x 10%> molecules/m?, (ii) molecular diameter d = 2 x 10719
m and (iii) mean relative velocity of order of the mean thermal velocity
g~c=10%m/s.

1.2.2 The Maxwellian Distribution Function

In this section, the velocity distribution function of a gas in equilibrium—also
known as the Maxwellian distribution function—will be deduced on the basis
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of the work by Maxwell.! The question is to know the probability of finding a
molecule which is moving with velocity components within the range c¢; and
c1+dcy according to the x1-axis, co and cg 4 dco according to the xo-axis and
c3 and c3 + deg according to the xg-axis. In this case, it is considered that for
equilibrium processes without external forces, the following hypothesis are
valid:

(i) the number of velocities which can be found within the range ¢; and
¢i + de; is proportional to de; (i = 1,2,3). Hence, ¢(c;) de; represents the
probability to find a molecule with a velocity component within the range ¢;
and ¢; + dc; for i = 1,2, 3;

(ii) the three events are independent from each other, so that

P(c1)derd(ca)deap(cz)des

represents the probability to find the molecule with velocity components
within the range ¢y and ¢ + dci, ¢ and co + dco, ¢3 and c3 + des. Instead of
probabilities, one can define a distribution function f(cy,ca,c3) such that

fler, ea,e3)derdesdes = f(cq, 2, c3)de

gives the particle number density of the molecules whose velocity components
are at the intervals dci, dco and decs. Therefore, the distribution function
f(c1,¢2,c3) can be written in terms of the probabilities as

f(e1, 2, c3)derdeades = ng(cq )dey P(e)deap(cs)des, (1.5)

where n denotes the particle number density;

(iii) hypothesis of isotropy: for equilibrium processes in the absence of ex-

ternal forces there is no distinction between the three directions, so that

f(e1,e2,c3) depends on ¢1, c2 and c¢3 only through the invariant ¢ =
2+ 342, e,

Fersezcs) = nd(er)bler)les) = ( —Jaraq ) e

The determination of the distribution function f from the functional equation
(1.6) proceeds by taking its logarithm, i.e.,

In®d(c) =lnn+In¢(c1) + Ino(cz) + Inp(cs), (1.7)

and afterwards by differentiating the resulting equation successively with
respect to ci1, co and c3, yielding

L J.C. Maxwell, “Illustrations of the dynamical theory of gases”, Phil. Mag., 19
19-32; 20 21-37 (1860).
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1dln®(c)  1dlng(ci)  1dlng(cz) 1 dlng(cs) (1.8)
¢ de ¢ deg ¢ des ez des '

The only possibility to fulfill (1.8) is that all terms must be equal to a constant
which is taken equal to —2b*. Therefore, one obtains through integration

¢(c;) = a*e_b*clz, (1=1,2,3), &(c) = fler,co,c3) = na*?’e_b*CZ,
(1.9)
where a* is an integration constant. Since f is a bounded positive function,
it follows that the constants a* and b* must be positive.

The determination of the constants a* and b* is based on the premises
that the thermodynamic equilibrium of a gas is characterized by two state
variables, namely, its mass density o and its internal energy density oe. In
kinetic theory of monatomic gases, these two state variables are defined in
terms of the mass of a molecule? m and its kinetic energy mc?/2 by

—+o0 —+o0 —+oo
0o=mn= / / / mfdecideades, (1.10)

3 +oo +oo +oo 1
0 = 5nkT :/ / / 5me’ fderdesdes. (1.11)

Equation (1.11) expresses the condition that the mean kinetic translational
energy per molecule of a monatomic rarefied gas is equal to 3k7/2, where T'
denotes the temperature of the gas and k = 1.38x 1022 J/K is the Boltzmann
constant. This last relationship is a consequence of the energy equipartition
principle which states: to each molecule a mean energy of kT'/2 is associated
per degree of freedom.

Now inserting (1.9)2 into (1.10), the subsequent transformation of the
Cartesian coordinates (c1, c2,¢3) into spherical coordinates (c, 0, ¢) and the
integration of the resulting equation leads to

—+o0 —+oo —+oo . o
0= / / / mna*3e™? ¢ deydesdes
— 00 — 00 — 00

oo pm p2m
:/0 /o ; mna*‘“’e_b*Cchsiancpdec:Qa*3(b1*> , (1.12)

MY

thanks to (1.123) in the Appendix to this chapter.
By following the same procedure, the substitution of (1.9)s into (1.11) and
subsequent integration of the resulting equation yields

Sk =3 *3(1)%1 (1.13)
27’L = 4mna b* b*. .

2 Note that the mass of a molecule m = M /N4, defined as the ratio of its molecular
weight M and Avogadro’s number Ny, is given in grams.
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The constants a* and b* can be determined from (1.12) and (1.13), resulting
in )
s_(_m )f pr— 1.14
@ = (o) ' (L14)
Hence, (1.9)2 can be written as

3

fler, ez, 03) = n(27:ZT)§e—"wz/(2’“T), (1.15)

which represents the velocity distribution function, the so-called Maxwellian
distribution function.

F(c)‘
T
- T, > T]
GupC Cng c

Fig. 1.2 F(c) for two temperatures To > T7.

The distribution function for the velocity modulus F'(c) is defined in such
a manner that F(c)dc gives the number of molecules per unit volume with
velocity modulus within the range of ¢ and ¢+ dc. In this case, it follows from
(1.15) that

2m
_ e—me 2 /(2kT)
c)de = / / < ﬂ'kT ¢? sin §dfdpdc
3
5

) Amce=me / (2KT) g (1.16)

- (27rkT

Figure 1.2 shows the behavior of F(c) for two different temperatures. Note
that the maximum of the curve decreases and the curve becomes more flat-
tened by the increase of the temperature.
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Exercise

1.2 Perform the integrations and obtain the expressions on the right-hand
sides of equations (1.12) and (1.13).

1.2.3 Determination of the Characteristic Velocities

From the distribution function for the velocity modulus (1.16), one can de-
termine the mean thermal velocity of a molecule, which represents the mean
value of the velocity modulus, i.e.,

c= % - %%T. (1.17)
0

The velocity modulus corresponding to the maximum value of F(c) is called
the most probable velocity and denoted by ¢;,p. By differentiating F'(¢) with
respect to ¢ and equating the resulting equation to zero, it follows

k
Cmp = {/2—T. 1.18
mp = /2= (118)
Another characteristic velocities is the mean quadratic velocity cp,q, defined
as the square root of the mean value of the square of the velocity modulus:

= I 02F
—Ve = }0 =14/3 —T (1.19)

The three velocities ¢, ¢, and cp,4 are represented in Figure 1.2.

For the determination of the mean relative velocity, one has to consider
molecules with velocity ¢ whose particle number density in the velocity range
c and c+dc is given by f(c)dc, and molecules with velocity ¢; whose particle
number density in the velocity range ¢; and c¢; +dc; corresponds to f(cy)de;.
If g = |c1 — c| denotes the relative velocity modulus and by considering a
fixed value of the velocity ¢, one may infer that the mean relative velocity
modulus for a given velocity ¢; with respect to all other molecules reads

% = %/gf(c)dc. (1.20)

The integral in (1.20) represents the three integrals for the components of the
velocity ¢ in the range (—o00,00) and this notation will be used henceforth.
For the knowledge of the mean value of the relative velocity modulus referring
to all velocities of the molecules—and not only to a fixed value c;—one has to
integrate again the expression (1.20) with respect to all values of ¢y, yielding
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g=- /f01 / f(c)de] de. (1.21)

For the integration of (1.21), new integration variables are introduced,
namely, the relative velocity g and the center of mass velocity G, defined
by

g=c; —c, G = % (1.22)
The inverse transformations of the above equations read
1 1
c=G— §g7 C1 = G+ §ga (123)

which imply the following relationships

1
¢t +cf =2G" + 5o, (1.24)
-+ 0 0 100
0 -2 0 010
1 .1 1 1
8(917927937G17G27G3) 2 0 0 1 0 0
0o 3 0 010
0o 0 3 001

where J is the Jacobian of the transformation of the velocities (c,cq) —
(g, G). Hence, the transformation of the velocity elements becomes

dedey = |J]dgdG = dgdG. (1.26)

Now, the substitution of (1.15), (1.24) and (1.26) into the expression for the
mean relative velocity modulus (1.21) leads to

o ( m N3 —mG?J(kT) / —mg?/(4kT)
g= (27rkT> (/e dG ge dg ) . (1.27)

Finally, the integration of (1.27) by following the same procedure described
above yields

=2 8kT =2 (1.28)

The mean free time (1.2) and the mean free path (1.3) can be rewritten,
thanks to (1.28) as

1 m 1
S , l= ——F5—, 1.29
and?\ TkT Vord*n (1.29)
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showing that both are inversely proportional to the particle number density.
Moreover, the mean free time is inversely proportional to the square root of
the temperature.

Exercises

1.3 Show that the Jacobian of the transformation from (c,c1) to (g, G) is
given by (1.25).

1.4 Obtain the expression (1.28) for the mean value of the relative velocity
modulus.

1.5 Estimate the mean thermal velocity (1.17), the most probable velocity
(1.18) and the mean quadratic velocity (1.19) for a helium gas at a temper-
ature of 273 K. The molecular mass of helium is 4.00.

1.2.4 Molecular Flux

The number of molecules AN per time interval At which crosses a surface
element AA perpendicular to the z3-axis is given by

AN = CgAtAAf(Cl,CQ,Cg)dCldCQdCzJ,, (130)

where c3 AtAA is the volume of the cylinder and f(e, cq, c3)dcideades rep-
resents the number of molecules within the cylinder (see Figure 1.3). It is
supposed that the molecules within the cylinder do not collide with them-
selves.

The molecular flux, defined as the number of molecules per unit of area
and time, reads

AN
Ap = A csf(er, ca, c3)derdeades. (1.31)
X, AA
C
c;At 9

AR Xz
¢

Xy

Fig. 1.3 Molecular flux across a surface AA.
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The total flux is obtained from (1.31) by transforming the Cartesian coordi-
nates (c1, ce, c3) into spherical coordinates (¢, 8, ), by using the Maxwellian
distribution function (1.15) and by integrating the resulting equation over
the ranges of 0 < ¢ < 00, 0 < 0 < /2 and 0 < p < 27, yielding

o) 3 27 3
¢ = /0 /02 /0 n (27:2T> ? emme?/(2kT) ;3 cos 0sin 0 dp df dc
n |8kT

/ n
— = = Za 1.32
4V ™m 4C (1.32)

The pressure exerted by a gas enclosed in a recipient upon its walls is caused
by the transfer of the linear momentum of its molecules to the walls. By
considering that the collisions of the molecules with the walls are elastic, the
modulus of the velocity of a molecule before and after the collision remains
unchanged. While the component of the velocity tangential to the walls re-
mains also unchanged after collision, its normal component inverts its sign
from c3 to —cg (say). Hence, the change in the momentum of a molecule
before and after its collision with the walls is 2mcs. The momentum transfer
per unit of area and time of all molecules which are within a cylinder of basis
AA and height c3 At is given by

AN
Ap = 2m03m = 2mc§f(cl, ca, c3)dcrdeades, (1.33)

and is identified as the pressure Ap exerted on the area AA.
The total pressure is obtained through the integration over all velocity
components, namely, —co < ¢; < +00, —00 < ¢3 < 400 and 0 < ¢3 < +00,

yielding
+oo +oo +oo
p= 2/ / / mcgf(cl7 ¢2, c3)dcrdeades. (1.34)
0 —00 —00

By using the symmetry properties of the Maxwellian distribution function,
namely, f(c1,ca,c3) = f(c1,c2, —c3) and the relationship

“+o0 “+o00 “+o0
/ / / mc%f(cl, ca, c3)dcydeades
1 +oo  ptoo  ptoo ) ) )
=3 m(c] + 5+ c3) f(e, 2, c3)derdeades,  (1.35)
it follows the thermal equation of state of the gas
1 —+oo +oo +oo
p= 3 / / / mc? f(cy, o, c3)deydeades = nkT. (1.36)

Note that according to (1.11) and (1.36), the pressure and the internal energy
density are related through p = 20e/3.
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Exercises

1.5 Obtain the equation of state p = nkT from the integration of equation
(1.34) by using the Maxwellian distribution function (1.15).

1.6 Estimate the molecular flux (1.32) of a helium gas at a temperature of
273 K, with a particle number density n = 2.68 x 10?® molecules/m?.

1.2.5 Elementary Theory of Transport Processes

In a simple shear flow, a fluid is confined between two parallel plates and—in
the continuum regime—it is supposed that there exists a complete adherence
of the fluid to the plates. The plate at the bottom (a3 = 0) is at rest while the
one at 3 = L is moving with a constant velocity (see Figure 1.4). The velocity
field of the fluid is given by v = (0, v2(x3),0), and the velocity profile is linear.

The momentum transfer of the molecules at a surface located at a distance
x3 from the bottom is equal to the difference of the momenta of the molecules
below and above this surface. Let 6 be the angle of the velocity vector of a
molecule with respect to the xs-axis. The distance travelled by a molecule
before it collides with another molecule is equal to the mean free path, and
the difference between the momenta of molecules located at z3—1[cosf and
3 + lcosf is given by

d
AT = muy (x5 — lcosl) — mug (x5 + [ cosf) =~ —om %2 cos 6. (1.37)

dxg

Above, the velocity was developed in Taylor series and it was neglected terms
of order O(I1?) and higher order terms.

X, + | cos®

X
3 X3

‘)GD QD\
]

X, =l cos@
V,(X5)

X,

Fig. 1.4 Profile of the velocity in a simple shear flow.

The transfer of momenta of all molecules is obtained by multiplying the
difference between the momenta Al with the molecular flux A¢ given by
equation (1.31) yielding
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d’UQ

Apog = 72m—d lcosOcsf(c1,ca,cs)derdeades. (1.38)
x3

The term Apos represents a momentum per unit area and time, hence a
pressure. This pressure acts on a surface normal to the xzs-axis and paral-
lel to the x3-axis, being identified as the component Apssz of the pressure
tensor. The component po3 of the total pressure tensor is obtained through
integration, i.e.,

d o] 5 2m 3
Doz = —2mld—v2 / / / n (2 TZT) * emmet/(RT) (3 ¢os? 9 sin Odpdfdc
3 Jo Jo Jo &

miné dvs
= — —. 1.39
3 d$3 ( )

The equation (1.39) relates the pressure tensor with a velocity gradient. A
fluid which obeys this relationship is called Newtonian fluid. In kinetic the-
ory of gases, such a relationship is also known as Navier-Stokes law.? The
constant of proportionality is designated as the coefficient of shear viscosity

. Hence,
dvg ‘th milné
= —u— wi =
P23 H s w 3

According to (1.17), (1.29)2 and (1.40)2, the shear viscosity coefficient can

be written as
2vVmkT
3r3d?
One may infer from (1.41) that the shear viscosity coefficient does not de-
pend on the density of the gas being proportional to the square root of the
temperature. This conclusion is due to Maxwell* who wrote “A remarkable
result here presented to us in equation (24), (here equation (1.41)) is that if
this explanation of gaseous friction be true, the coefficient of friction is inde-
pendent of the density. Such a consequence of a mathematical theory is very
startling, and the only experiment I have met with on the subject does not
seem to confirm it. We must next compare our theory with what is known of
the diffusion of gases, and the conduction of heat through a gas.” Note that
the shear viscosity coefficient is related to the transport of linear momentum
and has the dimension of Pas=Ns/m?.
Consider now that the two parallel plates in Figure 1.4 are fixed, the one
at 3 = 0 with a temperature 77 and the other at 3 = L at a temperature

Ty > T3y. The temperature of the confined gas is a function of z3, i.e., T =
T(.’Bg)

(1.40)

= (1.41)

% Claude Louis Marie Henri Navier (1785-1836) French engineer and physicist;
George Gabriel Stokes (1819-1903) English mathematician and physicist.

4 J. C. Maxwell, “Tllustrations of the dynamical theory of gases”, Phil. Mag., 19
19-32; 20 21-37 (1860).
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The transfer of translational kinetic energy of the gas molecules to a sur-
face at x3 is due to the difference of the translational kinetic energy of the
molecules that are below and above this surface, hence

dar
AE = §kT(::ci«; —lcosf) — §kT(:L’g +lcos®) = —3k—-1Icosb, (1.42)
2 2 d$3

where 3kT'/2 is the mean translational kinetic energy of a molecule. In equa-
tion (1.42), a similar development in Taylor series for the temperature was
considered.

From the multiplication of AE by the molecular flux A¢—given by the
equation (1.31)—it follows the transfer of translational kinetic energy of all
molecules that are below and above the surface at x3:

dT
Aqs = —31{:51(:05 Ocs f(c1, 2, c3)derdeades. (1.43)
3

The term Ags represents an energy per unit of area and time, i.e., a compo-

nent of the heat flux vector. The component ¢z of the total heat flux vector
is obtained through integration, yielding

ar (% (% [ m o\ _ 2/(2KT) 3 2 ) o
q3:—3kld—/ / n(2 kT) e "¢ ¢® cos” Osinf dp do de
Z3 Jo o Jo ™

_ _nkledl (1.44)
2 d(E3

One can conclude from (1.44) that the heat flux vector is proportional to
the gradient of temperature, and this relationship is known as Fourier’s law.?
The proportionality factor is called thermal conductivity coefficient whose
dimension is J/(msK)=W/(mK). The equation (1.44) can also be rewritten

nric
—_ — \A— VV. l = .
Q?) )\ » lt A

By using (1.17), (1.29)2 and (1.45)2, the thermal conductivity coefficient be-
comes
_ k vmkT

= 1.46
R (1.46)

(1.45)

and—Ilike the shear viscosity coefficient—it does not depend on the density
and is proportional to v/7.
From (1.46) and (1.41), one can build the ratio
A_3k (1.47)
Lo 2m
The above result does not agree with the experimental data, since the exper-
iments indicate that this ratio for monatomic gases is

5 Jean Baptiste Joseph Fourier (1768-1830) French mathematician and physicist.
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AL BE (1.48)
I 4 m
In Chapter 3, it will be shown that the result (1.48) follows from a more
elaborated kinetic theory based on the Boltzmann equation.

The diffusion is a process which follows from the thermal motion of the
molecules of a gas mixture, when mass transfer from one region to another
occurs due to the existence of density gradients of its constituents. The
self-diffusion happens in mixtures where the molecules of the constituents
have practically the same characteristics, like the isotopes of some element.

Consider a situation where a gas is confined between two fixed parallel
plates which are at same temperature, and suppose that the plate at 3 =0
has a particle number density smaller than the one at x3 = L. In this case,
the particle number density is a function of x3, i.e., n = n(z3). The molecular
flux which crosses a surface at z3 is equal to the difference between the fluxes
of molecules which are below and above this surface. Hence, from (1.31) and
(1.15), it follows

Ajs = Ap(xs — lcosl) — Ap(xs + L cosb)

m % 2
= c3 (m) e /KT (25 — I cos 0) — n(zs + [ cos 0)] deydeades

3
3 d
~ —2c3 (%) ? g=me®/(2kT) d—;lg,l cos Bdcydeadces. (1.49)
Above, it was considered a development in Taylor series of the particle number

density n. The component j3 of the total flux is obtained through integration
of (1.49), yielding

3 d oo z 27
j3=—2 (%) : d—nl/ /2 / Be=me/(2KT) 2 0 sin Odp db dc
m x3 Jo Jo Jo

cl dn
= ———. 1.50
3 d.’Eg ( )

The equation (1.50) represents Fick’s law®, which relates the molecular flux
with the particle number density gradient. The proportionality factor is
known as the self-diffusion coefficient which has a dimension of m?/s. Hence

d ¢l
3= — d—g where D= % (1.51)
The coefficient of self-diffusion D can be rewritten as
2 T
_ 2 vmikT (1.52)

- 3 1)
373 mnd?

6 Adolf Eugen Fick (1828-1901) German physiologist.
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thanks to (1.17) and (1.29)s. Note that the self-diffusion coefficient is inversely
proportional to the particle number density but has the same dependence on
the temperature as the shear viscosity and thermal conductivity coefficients.

In “Continuum Thermodynamics”—a branch of mechanics and thermo-
dynamics devoted to the analysis of the properties of materials modeled as a
continuum media—the laws of Navier—Stokes, Fourier and Fick are denomi-
nated generically as constitutive equations and relate fluxes (effect) to forces
(cause) of a given material. Here, the forces are the velocity gradient, the
temperature gradient and the particle number density gradient, while the
corresponding fluxes are the pressure tensor, the heat flux vector and the
molecular flux.

Exercise

1.7 Estimate the coefficients of shear viscosity (1.41), thermal consductivity
(1.46) and self-diffusion (1.52) for a gas at the temperature of 273 K, particle
number density n = 2.68 x 10%® molecules/m? and whose molecules have
mass m = 2 x 10727 kg and diameter d = 2 x 10710 m.

1.2.6 Characteristic Dimensions

In Table 1.1, the characteristic dimensions for monatomic gases with particle
number density of n = 2.68 x 10%° molecules/m?, temperature of 273 K and
pressure of 1 atm were determined from equations (1.2), (1.4), (1.17) and (1.29)
by using the relationship in (1.28). The molecular diameters were calculated
from (1.41) by taking into account the data” for the shear viscosity coefficient.

Table 1.1 Characteristic dimensions for monatomic gases

Gas| M I c d l T Te
107°%Pa 5|10® m/s[107'%m|10~®m|107'%s|10~ 35
He| 4.00 | 1881 | 12.01 | 1.79 [26.37 [ 2.20 | 1.05
Ne|20.18| 30.13 535 | 2.11 |18.81 | 3.52 | 2.79
Ar|39.95| 21.08 3.80 | 3.00 | 9.35 | 246 | 5.57
Kr|83.80 | 23.43 2.63 | 3.42 | 7.18 | 2.73 | 9.21
Xe[131.30] 21.04 2.10 | 4.04 | 5.15 | 2.46 | 13.61

From the analysis of Table 1.1, one can infer that, for argon gas (say), the
mean free path [ of its molecules is of order of 312 times the diameter of its

7 J. Kestin; K. Knierim; E. A. Mason; B. Najafi; S. T. Ro & M. Waldman, “Equilib-
rium and transport properties of the noble gases and their mixtures at low density”,
J. Phys. Chem. Ref. Data, 13, 229-303 (1984).
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molecules d, while the mean free time 7 is of order of 442 times the mean
collision time 7. The collision frequency is of order of 4.1 x 10° collisions per
second!

In this book, the motion of the molecules will be described by the New-
tonian laws of classical mechanics. Quantum and relativistic effects are ne-
glected so that the following conditions are valid for the gases in study:

(i) the de Broglie wavelength A\sp of a molecule must be smaller than the
mean distance between the molecules D

Aip = ——=< D, (1.53)

where h = 6.626 x 1073* J s is Planck’s constant and®

(ii) the mean thermal velocity of a molecule ¢ must be smaller than the light
speed in vacuum (¢ < 2.998 x 108 m/s).

Exercise

1.8 Estimate the de Broglie wavelength for an ideal helium gas at a temper-
ature 273 K and compare the result with the molecular mean distance which
is of order D = 3.34 x 1079 m.

1.2.7 Potentials of Molecular Interactions

In general, the forces which act on atoms and molecules can be divided into
two categories, namely, forces of short range, also called valence or chemical
forces, and forces of long range, known as van der Waals forces.? The valence
forces are repulsive and are due to a superposition of the electronic clouds of
the molecules when they get closer to each other. The van der Waals forces
are attractive and can be subdivided into: (i) electrostatic contributions (in-
teractions between different multipole moments); (ii) induction contributions
(interaction between a charge distribution of one molecule and the induced
moments of another molecule) and (iii) dispersion contributions (interaction
between two induced charge distributions).

Figure 1.5 shows the interaction potentials which are of most common use
in the literature of kinetic theory of gases:

(a) Potential of Hard Spheres. This potential represents only the repulsion
forces between hard spheres of diameter d

8 Louis-Victor-Pierre-Raymond, 7th duc de Broglie (1892-1987) French physicist;
Max Planck (1858-1947) German physicist.
? Johannes Diderik van der Waals (1837-1923) Dutch physicist.
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10”7 ©

=

Fig. 1.5 Potentials of molecular interactions: (a) hard spheres; (b) centers of re-
pulsion; (¢) Lennard-Jones.

&(r) =00 when r <d,
{ 0 (1.54)

when r>d.

(b) Potential of Centers of Repulsion. The potential function in this model
reads

K 1
@(7’) = mry—_l, K > 0, v > ]., (155)
and also represents only the repulsion forces. The case where v = 5 is

called Maxwellian potential and the molecules of such a gas are known as
Maxwellian molecules.

(c) Potential (6-12) of Lennard-Jones.*® The potential function of this model
furnishes a simple and real representation for spherical non-polar molecules:

o 12 o6
o =1:[(2) - (2)]. 1.56
(n=1:[(2) - (2 (1.56)
The term (o/r)'? represents the repulsion forces, while the term —(o/r)°
represents the attractive ones. For r = o, the potential vanishes, i.e., (r) =0
and for 7 = 21/64_ it becomes &(r) = —&, where ¢ is the depth of the potential
well.

Exercise

1.9 Determine the interaction forces which correspond to the potentials of
centers of repulsion and Lennard-Jones.

10 John Edward Lennard-Jones (1894-1954) English mathematician.
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1.3 Brownian Motion

Robert Brown (1773-1858), a Scotch botanist, observed in 1828 that pollen
grains in suspension in water drops had an irregular motion of zigzag nature,
and after some experiments, concluded that this kind of movement was not
of organic origin. The first theory which has explained satisfactorily this phe-
nomena was due to Einstein'! in 1905. Perrin'? by using Einstein’s theory
and its own experiments on Brownian particles, determined Avogadro’s num-
ber and gave another strong support to the atomic theory of matter, which
was accepted by most of the scientists who were against it at that time.

The explanation of this phenomena is the following: there exist collisions
between the molecules of the fluid and the particles which are in suspension
on it. Due to the fact that some molecules of the fluid have velocities larger
than its mean thermal velocity, there is a net impulse acting on the particles
in suspension. Hence, the particles in suspension move across the fluid and
are braked by the viscous forces.

Here, the analysis of the Brownian motion will be based on the equation
proposed by Langevin'3. Since the particles in suspension are moving due
to an impulse and braked by viscous force, the one dimensional equation of
motion of a particle reads

dv m
m— = ——uv + F(t). (1.57)
dt T
where m denotes the mass of a particle in suspension, v = dx/dt its velocity,
7 is a constant characteristic time and F'(t) is a stationary random force with
a vanishing time average, i.e.,

F(t)

1 6
5/ F(t+t")dt' = 0. (1.58)
0

Langevin’s equation (1.57) is valid if the following conditions are fulfilled:
(a) the fluid is in a medium where the external actions are constant in time
(e.g., the temperature must be constant in time); (b) the mass of the particles
in suspension is larger than the mass of the fluid molecules and (c) the particle
number density of the suspension particles is small, so that the collisions
between themselves are neglected.

The velocities of the suspension particles are associated to random pro-
cesses, since the second term on the right-hand side of Langevin’s equation
(1.57) is a stationary random force.

The multiplication of (1.57) by x/m leads to

11 Albert Einstein (1879-1955) German physicist.
2 Jean Baptiste Perrin (1870-1942) French physicist.
3 Paul Langevin (1872-1946) French physicist.
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d

1 1
7 (@) + —(2v) = v® + —aF(1). (1.59)

Now, by taking the average over a discrete set of values of the functions in
(1.59), yields

<%(xv)> + %<(;m))> = (v?) + %<xF(t)>. (1.60)

The symbol { ) denotes an average over a discrete set of N values, i.e.,

(@)= ~ ixw) (1.61)
N k=1 . .

Due to the fact that  and F'(t) are statistically independent, the following
relationships hold

(2P (O)= (#)(F(©)= (o) F@ = 0. (1.62)

In the above equation, the ergodic hypothesis has been used in order to
equate the average over a discrete set of values with its time average. This
hypothesis can be stated as: a mechanical system will go beyond all possible
microstates before returning to a given microstate, i.e., over a long period
of time all accessible microstates are equally probable. Under this condition,
the average value of a property of a system taken in a long period of time
will be equal to its average value taken over all microstates.

According to the energy equipartition principle, a mean energy per molecule
equal to kT/2 is associated to each degree of freedom, so that in the one-
dimensional case it follows that

Loty = 1 ~ 2y - KT
2m<v > = 2lfT, ie., <v > = (1.63)
Therefore, (1.60) can be written as
d(zv) 1 ET
T + ;<3;‘U> = E (1.64)

due to (1.62), (1.63) and the relationship (dz/dt) = d{x)/dt.
The solution of (1.64) is given by

_cetim 4 TFT
(zv) = Ce + pt (1.65)

where C is an integration constant.

For the initial condition z(0) = 0, the variable x(t) represents the displace-
ment of the particle in suspension, and the constant becomes C = —7kT'/m.
Hence, (1.65) reduces to
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(zv) = %% = T%T(l — e, (1.66)

The solution of (1.66), with the above initial condition, is given by

(«*) =

Two limiting cases of (1.67) are interesting to be analyzed:
(i) for t > 7, one has t — 7 ~ t and e~*/7 — 0, so that it reduces to

2TkT

[t (1 e_t/T)]. (1.67)

() = 2ThT, (1.68)

m

i.e., the mean square displacement is proportional to time and
(ii) for t < 7, it follows from (1.67) that

(o) =

Hence, for ¢ <« 7, the suspension particles move as free particles with a
velocity equal to its mean square velocity.

The estimation of the characteristic time 7 proceeds by supposing that
the particles in suspension are spheres of radius r. According to Stokes’ law,
a sphere with radius r which moves with a velocity v in a fluid with shear
viscosity p suffers a friction force —awv where the coefficient « is given by
o = 6mur. Here, one has

QTkT[ (1_H£_lﬁ+m)} _t2 ()2, (1.69)

m 2 72

m

— = 6mur, or (1.70)

~ 6mur’
Perrin in some experiments used micro-spheres—made of a resin of an Asian
shrub of the family Guttiferae—with mass m = 4.8 x 10~!7 kg and radius
r = 2.12 x 1077 m, which were in suspension in water drops with a shear
viscosity coefficient 1 = 1072 Pa-s. In this case, from (1.70), one obtains that
7 =1.2x 1078 s. Hence, for experimental observations in a microscope, t > 7
and the combined equations (1.68) and (1.70) leads to

(a%) =

Perrin determined Avogadro’s number Ny = R/k '* from equation (1.71)
and in its experimental data for (z?) for a given time interval of ¢t = 30 s.
The results of Perrin for Avogadro’s number remained within the range of 6
and 8 x10%® molecules/mol, which are of the same order of its present known
value N4 ~ 6.022 x 10%* molecules/mol.

kT

3W—Wt, for t>T. (171)

4 R = 8.3145 J/(mol'K) is the molar gas constant, also called universal or ideal
gas constant.
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Exercise

1.10 Obtain the solutions (1.66) and (1.67) from the differential equation
(1.64).

1.4 Dynamics of a Binary Collision

1.4.1 Conservation Laws

For rarefied gases, the probability of collisions where three or more molecules
participate is negligible in comparison with the binary encounters. Hence, for
rarefied gases, it is possible to restrict the analysis of the collision processes
to the binary interactions of its molecules.

Consider a collision between two electrically neutral molecules of a single
rarefied gas whose masses are denoted by m. By neglecting the influence of
external forces during the interval of a mean collision time, the equations of
motion for two molecules in a binary encounter read

L 0B . 0B(r)  0B(r)

1_ 2 _ _

mry == orlt 7 mre = o2 orl (1.72)
In (1.72), v} and r? are the position vectors of the two molecules, while
r = r? — r! denotes the relative position vector and r = |r? — r!| is its

modulus. The interaction potential @(r) is supposed spherically symmetric
and of limited range so that lim, ., &(r) = 0.

Furthermore, suppose two molecules of a rarefied gas with asymptotic pre-
collisional velocities denoted by (c, ¢1), while (¢/, ¢} ) refer to their asymptotic
post-collisional velocities. The subindex 1 was introduced only to differ the
two molecules which participate in the binary encounter. The relative pre-
and post-collisional velocities are defined, respectively, by

g=ci—c and g =cj-c. (1.73)
The addition of the two equations (1.72) yields
mitt +mit? = 0. (1.74)

Now, the integration of the above equation leads to the momentum conserva-
tion law which in terms of the pre- and post-collisional asymptotic velocities
reads

me + mey = mc’ + mc]. (1.75)

From the multiplication of (1.72) by 1/m and the subtraction of the resulting
equations, one obtains
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0dr
= ——- 1.76
Hr orr’ (1.76)
where = m/2 represents the reduced mass.
The scalar multiplication of (1.76) by t leads to
d .o _
. [51« +a(r)| =0, (1.77)

which expresses the energy conservation law during the collision. The inte-
gration of (1.77) yields

.o Boo H o

= P(r)==g" == 1.78
ST +2(r) = 59" =597, (1.78)
due to the condition lim,_, @(r) = 0. Hence, the modulus of the asymptotic
pre- and post-collisional relative velocities are equal to each other, i.e,

g=g. (1.79)
The equation (1.79) can be rewritten, thanks to (1.75), as
1 2

1 1 1
imc2 +gmer = §mc’2 + imc’f7 (1.80)

which is the common expression for the energy conservation law for two
colliding molecules.

Fig. 1.6 Equivalent representation of a binary collision.

The cross product of (1.76) by r leads to the angular momentum conser-
vation law, namely,

% [,m x r] —0. (1.81)

From the integration of the above equation, it follows that
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I X r = constant, (1.82)

so that the relative motion between the molecules is confined to a plane, which
is represented in Figure 1.6. If the vector before the collision r is projected
into a plane perpendicular to g and the vector after the collision r’ into a
plane perpendicular to g’, the equation (1.82) implies that gbn = ¢'b'n, where
b and b’ denote the two projections and n is a unit vector perpendicular to
the plane of the relative motion. Since from (1.79) g = ¢/, it follows that
b’ = b. The quantity b is called impact parameter.

In Figure 1.6 is represented, a unit vector k in the direction of (g — g’),
which is known as collision or apsidal vector. Moreover, in this figure, x
denotes the scattering angle which is related to the angle 6 by 6 = (7 — x)/2.

The asymptotic post-collisional velocities ¢’ and ¢} could not be deter-
mined in terms of the asymptotic pre-collisional velocities ¢ and c; by using
only the conservation equations (1.75) and (1.80), since they furnish only
four scalar equations for the six unknown scalar quantities. In the following
subsection it will be shown that a complete determination is possible by using
the apsidal vector.

Exercises
1.11 Show that the scalar product of (1.76) by  leads to (1.77) and that its

cross product by r implies (1.81).
1.12 Obtain (1.80) from (1.75) and (1.79).

1.4.2 Asymptotic Post-Collisional Velocities

The apsidal vector k, defined by

/

K_ 8¢
g — gl

(1.83)

bisects the angle between the asymptotic relative velocities
g k=—-gk, (1.84)
since according to (1.79), g = ¢’. Hence, one can write the relationship
¢y —c —(c1—c)=g —g=klk-(g' - g)] = —2k(k - g). (1.85)

The elimination of ¢’ and ¢ from (1.85) by using the momentum conservation
law (1.75) yields
c;=c; —kk-g). (1.86)
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Following the same methodology, the elimination of ¢; and ¢} from (1.85)
leads to
¢ =c+k(k-g). (1.87)

The equations (1.86) and (1.87) give the asymptotic post-collisional veloc-
ities in terms of the asymptotic pre-collisional velocities and of the apsidal
vector k.

From (1.86) and (1.87), it follows the inverse transformations

c1=c) —k(k-g), c=c +kk-g), (1.88)

which relate the asymptotic pre-collisional velocities in terms of the asymp-
totic post-collisional velocities and of the apsidal vector k.

The modulus of the Jacobian of the transformation from (c, c1) to (¢/, )
and of its inverse transformation are equal to one, i.e.,

d(c,cq)
a(c',c)

1J| = ‘ =1. (1.89)

Exercises

1.13 Obtain the relationships (1.86) and (1.87).

1.14 Calculate the Jacobian of the transformation from (c,¢y) to (¢/, ¢}) and
show that its modulus is equal to one.

1.4.3 Asymptotic Velocities for Gas Mixtures

In mixtures of gases, a binary collision of the molecules of two constituents of
masses m, and mg is characterized by the asymptotic pre-collisional veloc-
ities (ca,cp), asymptotic post-collisional velocities (c;,, cj;) and asymptotic
relative velocities:

80 = C5 — Cq and  gj, =cj—cC,. (1.90)

The conservation laws of linear momentum and energy read

MaCa + MECs = MaC,, + MmpCy, (1.91)
1 1 1 1
§maci + §mﬁc% = §macff + §mﬁcg, (1.92)

respectively. The energy conservation law can be expressed also in terms of
the asymptotic relative velocities as ggo = g’ﬁ o
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The apsidal vector k”® is defined by

_ /
Koo = B0 Ba (1.93)
850 — 84l

and the asymptotic post-collisional velocities are related to the asymptotic
pre-collisional velocities and of the apsidal vector k#® through

c’ﬁ:%”%k"a(kﬁ”ggax ¢, = co + 2L i0 (kP gy ), (1.94)
B

«

where mq, denotes the reduced mass mqg = mamg/(mq +mg).

Exercise

1.15 Obtain the relationships in (1.94) and show that the Jacobian of the
transformation from (c,,cg) to (cf,, ¢j3) has modulus equal to one.

1.4.4 Scattering Angle x

The equations (1.78) and (1.82) can also be expressed in terms of the polar
coordinates (7, ) specified in Figure 1.6 as

B2 10202 1 o) = £ 2, (1.95)

2
r?p=bg, (1.96)

since (7, r¢) are the components of the velocity in polar coordinates.
From the division of (1.95) by the square of (1.96), it follows

(5_;)2:1_52_£ (1.97)

where s = b/r is a dimensionless variable.1?

In the intersection of the orbit with the apsidal line—represented by the
line OO’ in Figure 1.6 assumes its minimum value ™", while s takes its
maximum value spax = b/r™®. In this case, ¢ = 0 and ds/dyp = 0. Hence,
the scattering angle x = (7 — 26) can be determined from the integration of
equation (1.97), yielding

X = ém ( /\/ 2 22 bf)) ds (1.98)

!5 Note that 7/¢ = dr/de = —b(ds/dp)/s>.
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where spax is the positive root of the equation

2¢ max
12  _ 20(b/5max) _ 0. (1.99)

pg?

From (1.98), one infers that the scattering angle—for a given potential func-
tion @(r)—is determined by the impact parameter b and by the relative
velocity g.

For the centers of repulsion potential (1.55), the scattering angle x is given

by
Smax 2 S v—1
=T — g2 _ -
x=n7 /O (2/\/1 2 - = 1(50) )ds, (1.100)

where sq is defined by

2 1
s0 = b(ﬂ) o (1.101)
K
In this case, smax is the positive root of the equation
2 S v—1
1—s2  — ( m‘"‘") —0. 1.102
e = oy (22 (1102)

The scattering angle for the hard-sphere potential (1.54) can be obtained
as a limiting case of the centers of repulsion potential. Indeed, if in (1.55)
one introduces k = k'd”"!, where x’ is a constant and d is the molecular

diameter, it follows
K d\“ !
B(r) = (—) . (1.103)

v—1\r

The above potential function has the following limits when v — oo: (a)
&(r) =0 forr > d and (b) &(r) = oo for r < d. Hence, (1.101) can be written
as

b(“s’Q)ﬁ that i b (1.104)
S0 = = so tha im sg= - :
07 d\w ’ veoo 0
For r > d, it is easy to verify that
1 v—1 1 dyv-1 /
lim (i) = lim (—) (i) ~0. (1.105)
v—oo IV — 1 \sg v—oo v —1\r ng

Now, the scattering angle x can be written—thanks to (1.100) and (1.105)—

as ]
X=m— / (2/\/ 1-— 82) ds = 2 arccos Smax, (1.106)
0

where spax = b/r™™" assumes different values according to the conditions:

(i) Nonexistence of a collision: sg > 1. From (1.102), it follows that Smax = 1,
and (1.106) implies that the scattering angle vanishes, i.e., x = 0 and
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(ii) Existence of a collision: so < 1. Since the molecules are hard spheres of
diameter d, one infers that ¥™® = d and spax = b/d, and the scattering angle
X is given by

X = 2arccos (g) . (1.107)

Exercises

1.16 Obtain (1.97) from (1.95) and (1.96).

1.17 Show that the scattering angles for a generic potential and for cen-
ters of repulsion potential are given by the expressions (1.98) and (1.100),
respectively.

1.4.5 Dafferential Cross Section

Consider the relative motion shown in Figure 1.7. The molecules which im-
pinge on a ring element with thickness de—located in the circles within the
range of b and b+ db in the perpendicular plane to g—are scattered according
to an angle within the range of x and x + dy;, i.e., are scattered according to
the element of solid angle

df2 = sin y dx de. (1.108)

The differential cross section—which is a function of the scattering angle and
of the kinetic energy of the relative motion o(x, g)—is defined as the ratio
of the number of scattered particles AN per unit of time and per element of
solid angle, and the flux of the impinged molecules, i.e.,

AN/(AtdR2)  bdbde
U(Xag) = - .

~ AN/(Atbdbde)  df2 (1.109)

From (1.108) and (1.109), it follows that the differential cross section can be
written as

b
sin y

db
dx

o(x,9) = : (1.110)

In the above equation, the modulus was introduced in order to preserve the
positiveness of the differential cross section.

For the calculation of the transport coefficients, it is necessary to know
the effective cross section of order [, defined by

o0

QW (g) = /Oﬂ(l — cos' x)a(x, g) sin xdy = /0 (1 —cos' x)bdb.  (1.111)
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g
- \ds
€

Fig. 1.7 Specification of the element of solid angle df2.

Reference Plane

The quantity QM) (g) is called transport cross section, while Q®)(g) is known
as viscosity cross section.

From (1.110) and (1.111), it is possible to determine the differential and
effective cross sections for different interaction potential models. Indeed, for
the hard-sphere potential, the scattering angle is given by (1.107) so that

1
o= Zd2, (1.112)

1 1+ (-1)

W _ L[y 1+
QY = 1d [2 i ] (1.113)

For the centers of repulsion potential, it follows from (1.101), (1.110) and
(1.111):

dSO

2
K\7=T _-4_ S
- (& = 20| 2% 1.114
7 (M) g sinx | dx |’ ( )
2 —
QW — (g) g A (), (1.115)

where A;(v) represents the integral

A(v) = /000(1 — cos' x)so dso. (1.116)
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Table 1.2 Values for the determination of A;(5) and Az(5)

0] 0 |1 = 2v/2(cos 0/ sin 26)*|I> = /2 (sin 20/ sin 2¢)?
0° 00" [90° 00’ 0 0
5°00" |89° 29’ 0.00759 0.01518
10°00'|87° 55 0.03214 0.06419
15°00'(85° 13’ 0.07888 0.15666
20° 00'|81° 14 0.15881 0.31026
25° 00'|75° 45’ 0.29208 0.54877
30°00|68° 18’ 0.51563 0.89025
35°00’|58° 00 0.89903 1.29339
40° 00'|42° 40’ 1.57709 1.44849
41°00'|38° 27’ 1.76865 1.36823
42°00'|33° 34’ 1.98532 1.21403
43°00'|27° 38’ 2.23112 0.95946
44°00'|19° 41’ 2.51038 0.56999
44° 30'|13° 59’ 2.66418 0.31094
45°00’| 0° 00’ 2.82843 0

In the following, it is shown how Maxwell'® obtained the numerical values of
the integrals A; (v) and Ax(v) for a Maxwellian potential, i.e., for centers of
repulsion potential where v = 5. First, one performs the variable transforma-

tion (so, s, x) —

= /2 cot? 2¢,

(¢,1,0) by using the relationships

s = cosy/1 — tan? ¢, x =7 —26.

Next, from (1.100) through (1.102) and (1.116), it follows that

(sin ¢)+/cos
us
4

20,

cos
n 2\/—/ <81n2¢) de,

T /sin20\2
:\/5/0 <sm2¢> de.

In (1.118), K (sin¢) is the complete elliptic integral of first kind, namely,

. 2 dyp
K = .
(sin 9) /0 V1 — sin? ¢ sin? P

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)

16 3. C. Maxwell, “On the Dynamical Theory of Gases”, Phil. Trans. R. Soc. Lon-
don, 157, 49-88 (1867).
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From the above equations, one can construct'” Table 1.2 and obtain from the
Simpson rule for numerical integration the results:

A1(5) ~ 0.422 As(5) = 0.436. (1.122)

Exercises

1.18 Show that the differential and viscosity cross sections are given by: (a)
equations (1.112) and (1.113) for the hard-sphere potential; (b) equations
(1.114) and (1.115) for the centers of repulsion potential.

1.19 Determine the numerical values for the integrals A;(5) and A2(5) given
in equation (1.122).

1.5 Appendix

For the determination of the integrals in kinetic theory of gases, one makes
use of the integral representation of the gamma function, which reads

> 1 N2
/ x"e*wzdx:—r("+ )(—) . (1.123)
0 2 2 o

where « is a constant, and the gamma function has the following properties

ra)=1, (1.124)

17 This table is the same as the one which appears in Maxwell’s paper.






Chapter 2
The Boltzmann Equation

2.1 The Boltzmann Equation

Consider a monatomic gas with N molecules enclosed in a recipient of volume
V. One molecule of this gas can be specified at a given time by its position x =
(1,2, 23) and velocity ¢ = (e1, ¢z, c3). Hence, a molecule can be specified
as a point in a six-dimensional space spanned by its coordinates and velocity
components, the so-called p-phase space. In the u-phase space, a system of
N molecules is described by N points with coordinates (X,,cn) for each
a=1,2,..,N.

The state of a gas in the p-phase space is characterized by a distribution
function f(x,c,t) such that

f(x,¢c,t)dxde = f(x,c,t)drydradrsdeideades (2.1)

gives, at time ¢, the number of molecules in the volume element with position
vectors within the range x and x 4+ dx and with velocity vectors within the
range ¢ and ¢ + dc.

By denoting the volume element in the u-phase space at time ¢ as

du(t) = dxdc, (2.2)
the number of molecules in this volume element is given by
N(t) = f(x,c,t)dp(t). (2.3)

Furthermore, let du(t + At) denote the volume element in the p-phase space
at time t + At where

N(t + At) = f(x + Ax, ¢ + Ac, t + At) du(t + At) (2.4)

represents the number of molecules in this volume element.
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If during the time interval At the molecules do not collide, the quantities
N(t) and N(t + At) should be equal to each other. However, by considering
time intervals that are larger than the mean free time—i.e., for At > 7—
collisions between the gas molecules occur and the difference between the two
numbers of molecules does not vanish. Let this difference be denoted by

AN = N(t + At) — N(t)
= f(x + Ax,c+ Ac,t + At) du(t + At) — f(x,c,t)du(t). (2.5)

The changes in the position and velocity vectors of the molecules during the
time interval At are given by

Ax = cAt, Ac = FAt, (2.6)

where F(x, ¢, t) denotes a specific external force which acts on the molecules.
It is a force per unit of mass, i.e., has the dimension of an acceleration.

The relationship between the two volume elements du(t + At) and du(t)
reads

du(t + At) = [J]du(t) (2.7)

where J is the Jacobian of the transformation, i.e.,

O (t+ Ab) ot + At), ..., es(t + Ab)).

J = 2.8
51 (1), 2a(D). . -, cald) 29
Up to linear terms in At, the Jacobian is approximated by
8F
= A 2.
J =1+ 5 At+0[(Ar?) (2.9)

Furthermore, the expansion of f(x + Ax,c + Ac,t + At) in Taylor series
around (x,c,t), and by considering also linear terms up to At, becomes

f(x+Ax,c+ Ac, t+ At) = f(x,c t)—!—a—Jtc gf Ax;+ gf Ac; +O[(At)?)].
(2.10)
The combination of (2.5) through (2.10) yields
AN _ [0f of f
E‘[at+7axi+ } pt)
_|of of (9sz'
= [E)t +ec 18907; + e, ] du(t). (2.11)

The determination of AN/At when the collisions are taken into account are
based on the following hypotheses:
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1st Hypothesis: For a rarefied gas, the probability of occurrence of collisions
in which more than two molecules participate is much smaller than the one
which corresponds to binary encounters;

2nd Hypothesis: The effect of external forces on the molecules during the mean
collision time 7. is negligible in comparison with the interacting molecular
forces;

3rd Hypothesis: The asymptotic pre-collisional velocities of two molecules are
not correlated as well as their post-collisional velocities. This hypothesis is
known as the molecular chaos assumption and

4th Hypothesis: The distribution function f(x, ¢, t) does not change very much
over a time interval which is larger than the mean collision time but smaller
than the mean free time. The same assumption applies to the variation of f
over a distance of the order of the range of the intermolecular forces.

Consider now two gas molecules whose asymptotic pre-collisional velocities
are denoted by c and c;. In Figure 2.1, the molecule which has velocity c is
at the point O, while the other molecule is approaching the plane according
to a right angle and with relative velocity g = ¢; — c. The relative motion is
also characterized by the impact parameter b and by the azimuthal angle €.

Collision plane

Fig. 2.1 Geometry of a binary collision for determination of AN/At.

From Figure 2.1, one can infer that—during the time interval At—all
molecules with velocities within the range ¢; and c¢; + dci, and that are
inside the cylinder of volume g At bdbde, will collide with the molecules lo-
cated in a volume element dx around the point O and whose velocities are
within the range ¢ and ¢ 4+ dc. The number of molecules with velocities
within the range c¢; and c; + dc; inside the collision cylinder is given by
f(x,¢1,t)dey g Atbdbde. These molecules will collide with all molecules with
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velocities within the range ¢ and ¢+ dc and which are in the volume element
dx around the point O, i.e., f(x,c,t)dxdc. Hence, the number of collisions,
during the time interval At, which occur in the volume element dx, reads

f(x,¢c1,t)dcy g Atbdbde f(x,c,t) dx dc. (2.12)

By dividing (2.12) by At and integrating the resulting formula over all com-
ponents of the velocity —oo < ¢f < +o0 (i = 1,2, 3), over the azimuthal angle
0 < e < 27 and over all values of the impact parameter 0 < b < oo, it follows
the total number of collisions per time interval At in the pu-phase space that
annihilates points with velocity ¢ in the volume element dyu(t), namely,

<AA—];[> = du(t) / f(x,¢c1,t) f(x,¢c,t) gbdbde dey. (2.13)
In (2.13), all the five integrals described above were represented by only one
symbol of integration.

However, there exist collisions which create points with velocity ¢ in the
volume element du(t). Indeed, they result from collisions of molecules with
the following characteristics: (i) asymptotic pre-collisional velocities ¢’ and
¢y, (ii) asymptotic post-collisional velocities ¢ and ¢y, (iii) apsidal vector
k'’ = —k, (iv) impact parameter b’ = b and (v) azimuthal angle ¢’ = 7 + ¢.
Such collisions are known as restitution collisions, whereas the former are
called direct collisions. The geometry of these two collisions are represented
in Figures 2.1 and 2.2.

(a) (b)
Fig. 2.2 (a) Direct collision; (b) Restitution collision.

By taking into account the previous analysis, one can infer that the number
of collisions, during the time interval A¢, which occur in the volume element
dx for the restitution collisions is given by

f(x, ¢, t)de) g Atbdbdef(x,c,t)dx dc’. (2.14)

The above expression can be rewritten in a modified form as follows. First,
recall that the modulus of the Jacobian for the equations that relate the
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post- and pre-collisional asymptotic velocities is equal to one, so that dc} dc’ =
dc; de. Next, the energy conservation law (1.79) states that the modulus of
the pre- and post-collisional relative velocities are equal to each other, i.e.,
g = g. Hence, (2.14) becomes

f(x,ci,t)f(x,c,t)dx At gbdbde de de; . (2.15)

Now, it follows from the above expression that the total number of collisions
per time interval At, which creates points in the p-phase space with velocity
¢ in the volume element du(t), reads

+
(AA—]Z> :dM(t)/f(x’c’l’t)f(x,c',t)gbdbdsdcl. (2.16)

The four hypotheses above and the arguments which lead to (2.13) and
(2.16) are designated frequently in the literature by the German word
Stofizahlansatz, which means supposition about the number of collisions.

By taking into account the above results, (2.11) with

+ —
AN _(AN\T (AN (2.17)
At At At
is written in a final form as

of  of  OfF _
54_618@4— 8@ o

streaming collision

(f1f = fif)gbdbde dey, (2.18)

which is the Boltzmann equation, a non-linear integro-differential equation
for the distribution function f. It describes the evolution of the distribution
function in the p-phase space, and one can infer that the temporal change of
f has two terms, one of them is a streaming term due to the motion of the
molecules, whereas the other is a collision term related to the encounters of
the molecules. Above, the following abbreviations were introduced:

fr=fxdt), fi=sfxent), f=fxcet), fi=fxent). (219)

If the specific external force does not depend on the velocities of the
molecules—as in the case of the gravitational acceleration—or does depend
on the velocity through a cross product—Ilike the cases of Coriolis acceler-
ation in non-inertial frames or Lorentz’ force in ionized gases—the velocity
divergence OF;/dc¢; vanishes and the Boltzmann equation (2.18) reduces to
of of

E + “i axi

+Fi§—£ :/(f{f’—flf)gbdbdsdcl. (2.20)

In this chapter only the case where OF;/0c; = 0 will be analyzed.
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Exercises

2.1 Show that the Jacobian (2.8) reduces to the expression (2.9) when terms
up to the order At are considered.

2.2 Prove that OF;/0c; vanishes when the specific external force is Lorentz’
force F = e(E + ¢ x B)/m, where e and m denote the electric charge and
mass of a charged particle, respectively, E is the external electric field and B
the external magnetic induction.

2.2 The BBGKY Hierarchy

2.2.1 The Liouville Theorem

The state of a mechanical system of N molecules can be represented by a
point in the I'-phase space with 6 N dimensions that correspond to 3 N gen-
eralized coordinates of position ¢1, gz, ..., g3y and 3 N generalized coordinates
of momentum py, ps, ..., p3n- The trajectory of this point in the I'-phase space
is determined by Hamilton’s equations of motion:

oH oOH
e — .a:——’ :]_72,...7 N, 2~2]-
apa7 P 0qa “ ’ ( )

da
from its initial condition at ¢ = 0. Above, H represents the Hamiltonian
function of the system.

Instead of only one system, a large number of replicas of this system will
be considered. The replicas are arbitrarily distributed in the I'-phase space
at time ¢ = 0 and satisfy Hamilton’s equations of motion (2.21). These points
are compacted distributed in the I'-phase space so that it is possible to char-
acterize them by a density function o(¢1, ..., 43N, D1, ..., P3N, t). At time ¢,
the number of systems in the volume element in the I'-phase space with
coordinates within the range ¢; and ¢1 + dqi,...,q3n and g3y + dgsy and
momenta within the range p; and p; +dp1,...,psy and psy + dpsn is given
by o(q1,---,93N,P1,---,P3N,t)dq1 .. .dgsn dp1 - .. dpsn. One can associate to
the replicas a closed surface X in the I'-phase space and describe the motion
of these replicas through the motion of the surface X. Since the surface X
always contains the same number of replicas, it follows that

d
4 0= 2.29
dt J, od 0, ( )

where {2 is the volume interior to the surface X and df2 = dq; . ..dpsn is its
volume element.
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The term d( [, 0df2)/dt has two contributions. The first one is due to a
time variation of g in all points of the volume (2 and expressed by

/ 9 40, (2.23)

The second contribution is due to a change of the volume {2 when the surface
27 moves. The surface motion causes a flux of points in the I'-phase space
across X (see Figure 2.3) given by

f oV -ndX, (2.24)
z

where V = (¢1,...,43N,D1,- - ., D3n) is the velocity of the surface X' and n is
its normal unitary vector.

T(t+At)

(0

Fig. 2.3 Representation of the volume {2 in the I'-phase space.

From (2.22) through (2.24), one may write

C‘;t 0df2 = /@drwf oV -nd¥ =0, (2.25)

which by the use of the divergence theorem yields

/[gt+v (0 )] A2 = 0. (2.26)

In (2.26), the divergence is defined by

3

=

V- (oV) = [ (o) + ()

dqa Opa

. 0o do 04a OPa
[q 3qa + pa e + 0 <5qa + apaﬂ . (2.27)

M‘éﬁM

a=1
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Now, from Hamilton’s equations of motion (2.21), it is easy to verify that

Jo *H *H o
9o _ 0 _ 0 _ _Oba (2.28)

04o  04a0pa  Opadde  Opa’
so that (2.27) reduces to

3N
. Oo 0o
-(oV) = a o . 2.2

V- (eV) z_j[q 2 4 (2.20)

Hence, it follows from (2.26) and (2.29) that
/ ++§: +p 9 a0 =0 (2.30)
N aapoz . .

The equation (2.30) must be valid for all volumes {2 in the I'-phase space,

therefore .
do do do
=4 28 45 =0, 2.31
i+ 2 (g + o (2.31)
which is the mathematical expression of Liouville’s theorem. According to this
theorem, the density of the points in the I'-phase space remains constant for
an observer which is moving with a velocity V. Hence, the motion of the
points in the I'-phase space is analogous to the motion of an incompressible
fluid in the physical space.

Exercise

2.3 The equation

do B
E+V~(gv)—0

is known in the physical space as the continuity equation or the balance of
mass density. Show that for an incompressible fluid, the velocity divergence
must be zero, i.e., V-v =0.

2.2.2 Equations of the BBGKY Hierarchy

Consider that the system of Section 2.2.1 represents a gas of N undistinguish-
able molecules which occupies a recipient of volume V. Let (xq,%X,) denote
the position and the velocity coordinates of a generic molecule « of the gas
with o = 1,2,..., N. A state of the gas can be described by a distribution
function Fn such that
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.7:N<X1, ce ,XN,Xl, e ,XN,t) dX1 .. .dXN dkl N dXN (2.32)

gives the probability to find, at time ¢, NV molecules with position vectors
within the range x, and x, + dx, and with velocity vectors within the range
Xo and X, + dX,, (@ = 1,2,...,N). The distribution is normalized for all
time t, i.e.,

/.FN(Xl,...,XN,t)dxl...df(N:].. (233)

Moreover, due to the fact that the molecules of the gas are undistinguishable,
Fn is considered a symmetric function of all pairs (x4, X,) and for all @ =
1,2,---,N.

From the distribution function Fp, one can define another distribution
function F,, such that

]:n(Xl,...,).(n,t) Xm . dxn
= |:/fN(X1,...,XN,t) dxn+1...dXN:| Xm...an (234)

gives the probability to find, at time ¢, n molecules with position vectors
within the range x, and x, + dx, and with velocity vectors within the range
Xo and X4 + dX,, (@ =1,2,...,n).

The time evolution of Fy satisfies Liouville’s equation (2.31), i.e.,

OFN |~ (aOFN | . oOFN\
WJFZ(@ 5ar e =0. (2.35)

a=1

For the distributions functions F,(n < N), the time evolution is obtained
through the multiplication of equation (2.35) by dX;+1 ...d%Xy and subse-
quent integration of the resulting expression, yielding

N

8.7:]\[ 8-7:]\/‘ ..aafN .
/[ ot +QZ_1< o a +377, ax?>] an+1...dXN:0_ (236)

In equation (2.36), it is possible to change the order of the time derivative
and the integral since the integration limits do not depend on time, i.e.,

0Fn . OF,
ot an_H dXN = atn.

(2.37)

Furthermore, the spatial gradients of (2.36) can be rewritten according to the
following conditions:

(1) if & < n, one obtains

/Zx dxn+1 Ldxy = sz 81“1 ; (2.38)
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(ii) if @ > n + 1, one infers that for all « it holds

/xl 0 OTN ok :/ V GO Fye; dS} R )
oz O‘ S dx

In (2.39), the divergence theorem was used in order to transform the volume
integral into a surface integral, where dx, denotes a volume element and
e; represents a unit vector normal to the area element dS of the surface S
which contains the molecules of the gas. Since the walls of the recipient are
impermeable, Fx vanishes at the surface and the corresponding integral of
(2.39) vanishes for all & > n + 1.

The analysis of the term in (2.36) which involves the velocity gradients
proceeds as follows. Consider that the acceleration of a molecule « is repre-
sented by a sum of two terms, namely, & = F* + X*. The first term F
corresponds to an external force per unit of mass which acts on the molecule
a being independent of the molecular velocities. The second one X¢ is given
by

N
o= Z X with X2 =0, (2.40)

where X; of = X “B(|x® — x|) represents the force per unit of mass which
acts on the molecule « due to its interaction with the molecule 3. Here, the
following conditions can be analyzed:

(i) if @ < n, one obtain

n

- OF,
Fia + X iOéﬁ _.;1
; ; 0§

/Z (F2 + X OFn N Xyt ... dXy =
—= 89&‘;‘

+ZZ

a=1 = +1

/ X0 Fndxpir .. En: FY + En:Xf‘ﬁ gf 2
a=1 i

B=1 '

n
0
+Z(N —n)a?/Xfé’n+1fn+1dxn+1 d)‘(n_t'_l, (241)
a=1 g

where the last term of the second equality follows from the assumption that
the molecules are undistinguishable.

(i) if @ > n + 1, one concludes that for all « it remains valid

/ (F™ + X;*)%f N dx,p1 .. dRy

— / V (F® + X2)FyeldS' 7“"*;};( L. g (2.42)
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where the divergence theorem was employed for the volume element dX,. In
equation (2.42), €} is a unit vector normal to the area element dS’ of a surface
which is situated far away in the velocity space. Since Fx decreases rapidly
for large values of X,, the integral (2.42) vanishes for all & > n + 1.

Therefore, the time evolution of the distribution function JF,, can be writ-
ten, thanks to (2.36) through (2.42), as

n

OF, W OFn s | OFn
at ; e * ﬁzl X Do
- 8 a,n+1 .

= — Z(N — n)a? Xi ’ .7:71,4,.1an+1an+1. (243)

Equation (2.43) indicates that the time evolution of the distribution function
F, does depend on F, ;. Hence, (2.43) represents a hierarchy of coupled
equations, which is known in the literature as BBGKY hierarchy, since it
was deduced independently by the researchers Bogoliubov; Born and Green;
Kirkwood and Yvon.!

The first two equations of the BBGKY hierarchy read

0F, .,0F 0F1 0 )

ot " zla T +Fla T _(N_l)a—:b%/XimfadXQde (2.44)
8.7:2 ,18.7:2 ,28]:2 1 12 8.7:2 2 21 8‘7:2

ot +$i8w%+xi8m?+(Fi+Xi )81+(F X )82

—(N — 2)@ /X}3f3dx3dx3 — (N — Q)W /Xi23.7-'3d>c3d5<3. (2.45)

Exercises

2.4 Verify the right-hand side of equation (2.41).
2.5 Obtain the first two equations of the BBGKY hierarchy (2.44) and (2.45).

2.2.3 The Boltzmann Equation

The main objective of this section is to derive the Boltzmann equation
from the BBGKY hierarchy. In the literature, one can find several methods

! Nikolay Nikolaevich Bogolyubov (1909-1996) Russian mathematician and physi-
cist; Max Born (1882-1970) German physicist; Herbert Sydney Green (1920-
1999) British physicist; John Gamble Kirkwood (1907-1959) American chemist
and physicist; Jacques Yvon, French scientist.
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to achieve this aim here, the employed methodology follows Kirkwood’s
paper.?

Let 7" be a time interval sufficiently large in comparison with the mean
collision time 7, but sufficiently small in comparison with the mean free time
T, i.e., T. € 7" <« 7. Moreover, let

_ 1 /7
fl(Xl,)'(ht) = ;/ fl(Xl,Xl,t+ S)ds (246)
0

be the time average of the distribution function Fj(x1,%1,t) taken over the
time interval 7*.
By considering the time average of (2.44), it follows that

OF1 | .10F1  50FR

NS St I T Rl
ot Uiaal T Bal
N -1 " 1 ot
:_( — )// Xi125.7:2(X1,X26,;(11,X2, +5) ds dxy dis. (2.47)
0 i

In (2.47), it has been taken into account that F!F; = F! F, since the specific
external force F} is statistically independent of the distribution function Fj.

The derivation of the Boltzmann equation from (2.47) is based on the
hypotheses formulated in Section 2.1, namely,

1st Hypothesis: For a rarefied gas, only the interactions between the pairs
of molecules—i.e., binary encounters—are considered. Therefore, (2.45) for
Fa(X1,Xe, X1, X2, t) reduces to

0F>

o5 T (F? + Xfl)@ =0. (2.48)

)
ot;

an ,18]:2 ,26.7:2 1 12
G2y 1002 | 5202 1|

2nd Hypothesis: By considering that the effect of the external forces on the
molecules is small in comparison with the effect of the interaction forces
between the molecules, the solution of (2.48) reads

fQ(X] , X2, 5(1, Xz, t+ At)
= ]:‘2 (X1 - ).(1At, X9 — XQAt, 5(1 - XlZAt, 5(2 - X21At7 t), (249)
or by identifying At = s, one may write the above equation as

fg(Xl,Xg,X1,X2,t+ 5) = fg(Xl — AXl,XQ — AXQ,Xl — AXl,XQ — Akg,t).
(2.50)

2 J.G. Kirkwood, “The Statistical Mechanical Theory of Transport Processes II.
Transport in Gases”, J. Chem. Phys., 15 72-76 (1947).
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3rd Hypothesis: If at time s = 0, the molecules are far from each other and
with uncorrelated velocities, the molecular chaos assumption is valid, so that

.7-'2(X1,x27>'<1,>'(2,t+s):f1(xl —AXl,Xl —Axl,t)fl(XQ —AXQ,XQ—AXQ,t).
(2.51)

4th Hypothesis: If the variation of the distribution function is small along a
distance comparable with the size of the molecules, one can neglect Ax; and
Axso and consider x; = x3 = x. Since Ax; = —Axy and X}Z = —Xi21, it
follows that

9 0F2(X1,X2,X1,%2,t + 5)

—x!
g o}
0F1(x,%1 — Axq,t . .
=—-Xx}? 1 31331 : )f1(X,x2—Ax27t)

7

— X2 F (x, %1 — Ak, t) 0F (%, %z — Ao, 1)

o2

K2

0
- & [.7:1 (X, 5(1 — A).(l, t)fl(X, )-(2 — AXQ, t)] . (252)
The substitution of (2.52) into (2.47) and the integration of the right-hand
side of the resulting expression with respect to the variable s leads to

OF , OF | 0F
ot " Tiaar T g
N -1 o o
=B 1R ek — 25067). 071 e — Aa(r)0)

—fl (X, )-(1 — AXl (0), t)fl (X7 5(2 — AXQ (0), t)] dXQd)-(Q. (253)

Equation (2.53) is written only in terms of the distribution function F; and
the Boltzmann equation can be obtained from it by using the arguments
stated below.

Since the molecules are undistinguishable, the change of the pairs (x4, X4 ),
with a = 1,2,..., N, does not alter the distribution of the molecules in
the p-phase space. However, this change defines a new point in the I'-
phase space. Therefore, a single distribution of N molecules in the p-phase
space corresponds to N! points in the I'-phase space. In this case, the
state of a gas in the u-phase space is described by the distribution function
fn(X1,...,xXN,X1,...,XN, 1) such that

fN(Xl, .. .,)'(N,t>dX1 .. .d)'(N = N!fN(Xl, .. .,XN,t)dxl e d)'(N (254)

gives, at time ¢, the expected value that N molecules have position vectors
within the range x, and x, + dx, and with velocity vectors within the range
Xo and X4 + dx, (@ =1,2,..., N). Likewise,
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N!

mfn(xl, .. .,)'(n,t)dxl . d).(n (255)

fn(Xl, . ,Xn,t)dxl .. d)'(n =
gives, at time ¢, the expected value that n molecules have position vectors
within the range x, and x, + dx, and with velocity vectors within the range

Xo and X + d%xo (@ =1,2,...,n).
In particular, it follows from (2.55)

{f1(x1,5<1775) = NFi(x1,%1,t),

S L 2.56
f2(x1,X27X1,X2,t):N(N—].)fQ(Xl,XQ,Xl,XQ,t). ( )

Therefore, by taking the time average of (2.53), the evolution equation for
the distribution function f; becomes

Oh | 05 | 500

TR
1 - -
== / [fl(x, x1 — A%y (7%),¢) f1(x, %2 — AXa(7%), 1)
—fl(X7 ).(1 — AXl (O),t)fl (X,).(Q — AXQ(O), t) dXQdf(g. (257)

In (2.57), it was considered that (N — 1) ~ N because N is of order of 10?3
molecules.

Now the Boltzmann equation (2.20) can be obtained from (2.57) by em-
ploying the procedures:

(i) the x2 integration is substituted by the integration in the relative dis-
tance (x2 —x1) and it is adopted for the latter cylindrical coordinates (z, b, €),
centered at molecule with index 1 and with the z-axis in the direction anti-
parallel to the relative velocity g = X2 — X1. In this case, it holds the rela-
tionship d(x2 —x1) = g7* bdbde;

(ii) the following approximation holds

= (2.58)

n (2.58), the indexes 1 and 2 in the distribution functions refer to two
molecules with velocities X; and X5, respectively. In order to verify the va-
lidity of the approximation (2.58), one develops its left- and right-hand sides
in Taylor series around ¢, yielding

Eﬁ=—/ L+ ) 2+ 5) ds

SR £2(0) + (flafl-Fflafl) Lo, (259)
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f_%f_%=< /f1t+s >< /fl L )d )

- fwro+ T (A8 vorn, e

Due to the fact that the variation of the distribution function is small for a

time interval sufficiently large in comparison with the mean collision time—

recall the 4th hypothesis—one infers from (2.59) and (2.60) that (2.58) holds.
Therefore, by collecting the above arguments, (2.57) becomes

afl 18f1 18_E
ot gLt TH g

:/[fl(x,kl—Akl(T*),t) J1(x, %2 — Axa(7%),1)

(% %1 — A%1(0),1) fi(x, %2 — A}'{g(O),f)} gbdbdedks,  (2.61)

which represents the Boltzmann equation.

Exercises

2.6 Verify the right-hand side of (2.52).
2.7 Show that the time average of (2.53) leads to (2.57).

2.3 The Transfer Equation

The multiplication of the Boltzmann equation (2.20) by an arbitrary function
1 = (x,c,t) and the integration of the resulting equation over all values of
the velocity components c leads to

8 8 a ! pl
/a—{wdc—i—/qag{i c /Fia—cfiwdc:/d)(flf — f1f)gbdbde deqde,
(2.62)

Y o oY
de—/|:——|— 28 aC,L fdc

or equivalently

o [erdes

- / B~ f1)gbdbdz dey de. (2.63)
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In (2.63), it was considered that

OV F;
2Lt f oot o, o

In the first equality above, the divergence theorem was used, where e; denotes
a unitary vector and dS an element of a surface situated far away in the
velocity space. The integral (2.64) vanishes because the distribution function
f decreases rapidly for large values of c.

The right hand side of (2.63) can be rewritten as

/ G(fif = fif)gbdbde ey de = / (LS — fif)g b db de' e de’
—/z//(f{f’—flf)gbdbazeozc1 de. (2.65)

The first equality above follows from the equations which are valid for a
restitution collision, i.e.,

g =g, de'=de, b =0, dc} dc’ = dc; de. (2.66)

The second one results from the change of the velocities (¢, c;) — (¢, c}).
Therefore, from (2.65), one has

/w(f{f’ — f1f)gbdbde deide = /(w’ — ) f1f gbdbde deyde
=3 [@= s = fingbabdedesde. (267

Furthermore, by changing the role of the colliding molecules, i.e., by replacing
(e,c’) — (c1,c)), it follows

% /(w =) (ff = ff)gbdbde deide
= %/(7/}1 — )1l = f1f)gbdbde deide. (2.68)

Hence, (2.63) can be expressed as

8w 8w 8w

=/Mfif'—ﬁf)gbdbdfdcldc:/(w’—w)ﬁfgbdbdsdcldc

= i /W’l +Y = =) ([ = fif)gbdbde deide, (2.69)

thanks to the relationships (2.67) and (2.68).
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Equation (2.69), known as the transfer equation, can be written in the
following abbreviated form

o 0
ot 6331

(W’Ui + @i) =S+ P (2.70)

where ¥ denotes the density of an arbitrary additive quantity, &; its flux
density, S its supply density which is related with external forces and P its
production term. The expressions for ¥, @;, S and P are given by

!I/:/wfdc, ¢i=/¢cifdc, S:/Fig—ifdc, (2.71)

0 0
P:P1+P2, Pl/l:a_’f+628;/]

}fdc, (2.72)
Py, = i/(wl + =Py =" )(fLf = f1f)gbdbde dcy de. (2.73)

Note that: (i) the flux density @; given by (2.71)2 is expressed in terms of
the molecular peculiar velocity C; = ¢; — v;, which is the molecular velocity
measured by an observer in a frame which is moving with the hydrodynamic
velocity v; (see (2.87)) and (ii) the production term is a sum of two contri-
butions P; and Ps, the former is related with the space—time variation of the
arbitrary function ¥ (x, c,t), while the latter is connected with the collisions
between the molecules.

Exercise

2.8 Verify the expressions given by (2.65) and (2.67).

2.4 Summational Invariants

An important result which follows from the analysis of the production term
due to the collisions (2.73) is that it vanishes for any kind of distribution
function f when

Y1+ =1+ (2.74)

A function v which fulfills (2.74) is called summational invariant and it sat-
isfies the following theorems.

Theorem 1. A continuous function ¥(c) is a summational invariant if and
only if

P(c) = A+B-c+ Dc?, (2.75)
where A and D are two scalar functions and B a vectorial function, all of
them being independent of c.
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Proof. Tt is easy to verify that (2.74) is satisfied by (2.75), once A cancels and
according to the conservation laws of momentum and energy the relationships
ctec=c +c; and @+ 2 =%+ ¢, hold, respectively. This proves the
sufficiency of the theorem. A non-rigorous proof of the necessity condition
is based on the fact that no combination which is linearly independent of
P = (m7mcm,mcy,mcz,m02) could exist, because there are just five scalar
quantities which express the conservation laws.

In the following, a rigorous mathematical proof of the necessity condition is
presented which is based on the work by Grad® and which makes use of the
concepts of antipodal points and antipodal functions.

The antipodal points can be introduced here through a graphic
representation—shown in Figure 2.4—of the equations

d=c+k(k-g), ci=c—kk-g), (2.76)

which relate the asymptotic post-collisional velocities with the pre-collisional
ones and the apsidal vector. The vector ends (c,cq1) and (¢, c}) are pairs of
antipodal points on the sphere.

Fig. 2.4 Graphic representation of the asymptotic velocities

An antipodal function F'(c) is defined as a function where for all antipodal
points at the surface of an arbitrary sphere the following relationship holds:

F(c) + F(e1) = F(c') + F(c)). (2.77)

Therefore, each summational invariant represents an antipodal function.
The proof of the necessity condition of the above theorem is based on the
following lemma.

Lemma 1. A continuous antipodal function F that vanishes at the points
(0,0,0), (1,0,0), (0,1,0), (—1,0,0) and (0,0,1) is identically null.

3 H. Grad, “On the Kinetic Theory of Rarefied Gases”, Commun. Pure Appl.
Math., 2 331-407 (1949). Harold Grad (1923-1986) American mathematician.
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(-1,1,0) (0,1,0) (1,1,0)

(=1/2,1/2,0) | (1/2,1/2,0)
L] [ )

(-1,0,0) 0,0,0) (1,0,0)

(=1/2,-12,0) | (1/2,-1/2,0)
L] [ ]

(-1,-1,0) (0,-1,0) (1-1,0)

Fig. 2.5 Geometrical construction for proof of the lemma.

Proof. Consider the xy plane and the points marked in Figure 2.5. It is easy
to verify that an antipodal function F' which vanishes at the points (0,0, 0),
(1,0,0), (0,1,0) and (—1,0,0) vanishes also at the points (1, 1,0), (-1,1,0),

(0,-1,0),(-1,-1,0) and( —1,0). Forthelnterlorpomts( ,0),(%,—%,0),
(—%,1,0) and (—3, —3,0), the following relationships hold:
11 1
F(3.5:0)+F(=530) = F(0,0,00+ F(0,1,0) =0, (2.78)
11 1
5,§,o> +F<§, ,0) = F(0,0,0) + F(1,0,0) =0, (2.79)
1
F( , 5,o) F ,0) — F(0,0,0) + F(0,-1,0) =0,  (2.80)

,0

)
F( ,o)+F(;, )= (-550) +r(3-bo). e

From the system of equations (2.78) through (2.82), it is easy to conclude
that

11 1 1 11 1 1
P(3h0)=r(-hbo)=r(-Lhe)=r (L -Lo) -0
(2.83)
By following the same methodology, it is possible to prove that the antipodal
function F' vanishes in an arbitrary dense lattice of points in the zy plane.

The extension for the points in the xz and yz planes is trivial; therefore, the
lemma is proved.

= F(0,0,0) + F(—1,0,0) =0,  (2.81)

/—\

e
| = l\')IH [\JI»—\/\/\
+
7N
[N
|
N = N = MI»—\ N = N =

N = N
/T\
N | —

Theorem 2. If F(c) is an antipodal function, its representation is given by

F(c)=A+B-c+ D (2.84)
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Proof. Tt is easy to verify that one can construct another antipodal function
F*(c)=F(c) - A—B-c— Dc?, (2.85)

from the antipodal function F(c). By choosing A, B, By, B, and D such
that F™*(c) vanishes in the five points (0,0,0), (1,0,0), (0,1,0), (-1,0,0) and
(0,0,1), then according to the lemma F*(c) it is identically null. Therefore,
the expression for the antipodal function F(c) is given by (2.84) proving the
theorem.

The proof of the necessity condition of Theorem 1 is an immediate conse-
quence of Theorem 2.

Exercise

2.9 Obtain the relationships (2.78) through (2.82) and conclude that the
expressions (2.83) are valid.

2.5 Macroscopic Description

2.5.1 Moments of the Distribution Function

In kinetic theory, the quantities that characterize a macroscopic state of a gas
are defined in terms of the distribution function f(x,c,t). Indeed, based on
the microscopic quantities of the gas molecules like mass m, linear momentum
me; and energy mc?/2, one defines the mass density o, momentum density
ov; and total energy density pou of the gas through the relationships

o(x,t) = /mf(x,c,t) dc — mass density, (2.86)

ov;i(x,t) = /mcif(x,qt) dc — momentum density, (2.87)
1

ou(x,t) = 3 /chf(x, c,t)dc — energy density. (2.88)

The substitution of the molecular velocity in (2.88) by the peculiar velocity
C; = ¢; — v; leads to

1 1
ou = 597)2 + o€, where QE(X7 t) = 5 / mCQf(Xv c, t) dc. (289)

Therefore, the total energy density of the gas is given by a sum of its kinetic
energy density ov?/2 and its internal energy density ge. Note that: (i) in



2.5 Macroscopic Description 57

(1.11), the definition of the internal energy density refers to a gas at rest
where v = 0; (ii) the transformation ¢ — C is only a translation so that
dc = dC and (iii) for the derivation of (2.89);, the following relationship was
used

/medcf/mclfdcf/mvlfdcf() (2.90)

The moment of the distribution function of order IV is defined by
Diyia..in (X, 1) = /anCig . Ciy f(x,¢,t) de, (2.91)

and it represents a symmetric tensor of order N with (N+1)(N+2)/2 distinct
components.

The zeroth moment represents the mass density (2.86), while the first
moment vanishes as a consequence of (2.90).

The second moment

pij(X,t) = /mC’iij(x,c,t)dc (2.92)

is called pressure tensor, and its expression with a minus sign is known as
the stress tensor, i.e., t;; = —p;;. The pressure deviator p;; represents the
traceless part of the pressure tensor, namely,

1
Peijy = Pij — gprréij. (2.93)

Moreover, the hydrostatic pressure of the gas p is identified with the trace of
pressure tensor, i.e.,

p(x,t) = /m02 x,c,t)d (2.94)

From the definition of the internal energy density e, given by (2.89)3, one
infers that the pressure and the internal energy density are related to each
other by p = 2p¢/3. By recalling that the equation of state of an ideal gas
reads p = nkT, one can obtain the following expression for the absolute
temperature of a monatomic gas written in terms of the distribution function:

_p _2m _ 1 2
T(x,t) = E T3 3ok /mC f(x,¢,t)dc, (2.95)

The contracted third order moment
qi(x,t) = pjﬂ = /mC’ Cif(x,c,t)dc (2.96)

is known as the heat flux vector, while the moments of higher order do not
have specific proper names.
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Exercises

2.10 Show that the velocity gradient can be written as

dr;  Oxj  Oxy  Oxjy 30wy © | Oxy)

ov; 8% n 8v[i B 611@ 1 vy, N 3”[1’

where the following notations were introduced

Ov(; . Ov; .
_6;’;7) = % (g;’; + —32 ) , symmetric part,
vy . v, . .
% =1 (% - %) , antisymmetric part,
J J K
Qv Ovg 10v 5 :
9z, — dz;, 30w Oi> traceless symmetric part.

2.11 By using the exercise 2.10 show that

5%‘ 6’U<i aUU
Pen gy, = Pz‘jaTj) = Pl o)

2.5.2 Balance Equations for the Moments

The balance equations for the moments of the distribution function are ob-
tained from the transfer equation (2.69) by choosing ¥ (x, ¢, t) equal to:

(a) Balance of mass density (¢ = m):

do  Oov;

=0, (2.97)
(b) Balance of momentum density (1 = mc;):

Oov; 0
— (oviv; + pi;) = oF}, 2.98
T +8xj(9vvg+p]) 0 (2.98)

(c) Balance of total energy density (¢ = mc?/2):

%[9(5 + %”2)} + aii {9(5 + %”2)”2‘ +qi + pijvs| = oFvs, (2.99)

(d) Balance of Nth order moment (v = mC;,C;, ...Ciy):

OPiviy...i 0 N ik
1821? =+ 8—xk(pi1i2mi1vk + Piviz..inVk) — Ep(iliQ...iN_l 8;‘\;@
an
+ NPk(iris.. Y = Pigin (2.100)

AN oxp
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Equation (2.100) was obtained by eliminating the time derivative of the veloc-
ity v; by the use of (2.98). In the above equation, the parenthesis around the
indexes indicate a sum over all N! permutations of these indexes divided by
N!. The production term due to the molecular collisions P;,;,. i, is defined
by

Pi1i2‘..iN = /m(Cl’l C{Q e C;N _Cilciz e CZN)f f1 gbdb de dc dCl. (2101)

The production terms due to the molecular collisions of (2.97), (2.98) and
(2.99) vanish became mass, momentum and total energy are conservative
quantities or, in other words, m, mc; and mc?/2 are summational invariants.
By subtracting from the balance equation of the total energy density (2.99)
the momentum balance equation (2.98) multiplied by the bulk velocity v;,
one obtains the balance equation for the internal energy density, namely,

0oe 0v;

0
E + oz, (Q&Ui + C]z‘) +pija—$j =0. (2.102)

Exercises

2.12 Obtain (2.100) for the balance of the Nth order moment from the
transfer equation (2.69).

2.13 Determine the balance equation for the internal energy density (2.102)
from the balance equations of total energy density (2.99) and momentum
density (2.98).

2.6 The Definition of Equilibrium

2.6.1 The Maxwellian Distribution Function

The right-hand side of the Boltzmann equation (2.20) is related to the dif-
ference between the number of molecules which enter and leave a volume
element in the u-phase space per time interval, due to molecular encounters.
This difference should vanish when a gas is at an equilibrium state, therefore

Qo= [(HIef e~ filefle) gbdbdeder =0, (2103

where |g represents the equilibrium value of a function.
The above equation is fulfilled when f|gfi|r = f'|gfi|E, and by taking
the logarithm of this last expression one obtains
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lnf|E+lnf1|E:lnf/|E+lnf{\E. (2.104)

By comparing (2.104) with (2.74), one may infer that In f|g is a summational
invariant, which—according to (2.75)—has the representation

Inflg=A+B-c+ D (2.105)

By introducing A = Ina* — b*u?, B = 2b*u and D = —b*, where a* and b*
are two scalar functions and u is a vectorial function, one may rewrite (2.105)
as

fle = atet (ew?, (2.106)

The conditions a* > 0 and b* > 0 guarantee the positiveness of the distribu-
tion function and its integrability over all velocity space.

The quantities a*, b* and u are determined from the substitution of the
equilibrium distribution function (2.106) into (2.86), (2.87) and (2.95)—which
are related with the definitions of the fields of mass density g, bulk velocity v
and temperature T', respectively—and subsequent integration of the resulting
equations. Hence, it follows that the equilibrium distribution function is a
Maxwellian distribution function f(@, i.e.,

3 3
flo=fO = n(%) P emalinlemv)® = n(§> PemBlev® (2.107)
where 8 = m/(2kT).

Therefore, the right-hand side of the Boltzmann equation —represented by
(2.103)—vanishes when the distribution function is Maxwellian. This means
that the Maxwellian distribution function represents an equilibrium distri-
bution function, since it implies that the number of collisions which creates
points in the u-phase space with a given velocity is equal to that which an-
nihilates points with the same velocity.

Note that the Maxwellian distribution function (2.107) differs from the one
given by (1.15). Indeed, whereas the former does depend on the gas velocity
through the peculiar velocity, the latter does not since the gas was supposed
to be at rest. In the following subsection, the equilibrium conditions for a gas
which is moving with a bulk velocity v will be analyzed.

Exercise

2.14 Determine a*, b* and u from (2.86), (2.87), (2.95) and (2.106) and
obtain the Maxwellian distribution function (2.107).

2.6.2 Equilibrium States

It is important to determine the equilibrium values of the pressure tensor
pij|E and of the heat flux vector ¢;|g before the analysis of the restrictions
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imposed by the Boltzmann equation on the equilibrium states of a gas is
carried out. For this end, the substitution of the Maxwellian distribution
function (2.107) into the definitions of p;; and ¢;—given by (2.92) and (2.96),
respectively—and subsequent integration of the resulting equations lead to*

pijle /mCiij(O)dc =pdij, (2.108)

1
Gle =3 /mCz(Jif(O)dc =0. (2.109)

A fluid which has constitutive equations given by (2.108) and (2.109) is known
in the literature as an Eulerian fluid.

It was shown in the previous subsection that the Maxwellian distribu-
tion function (2.107) is an equilibrium distribution function which turns the
right-hand side of the Boltzmann equation identically to zero, i.e., the rela-
tionship (2.103) holds. This result is valid for all values of the fields of mass
density o(x,t), bulk velocity v(x,t) and temperature T'(x, t), and it is evident
that in equilibrium these fields cannot assume arbitrary values. Indeed, the
left-hand side of the Boltzmann equation (2.20) imposes some restrictions on
the space—time variations of these fields, which will be analyzed below.

The substitution of f by the Maxwellian distribution function f(® into
the Boltzmann equation (2.20), yields

af© af© af© B
En +c oz, + I 0 =0, (2.110)

which by the use of (2.107) becomes

2
Do <mC 3>E+ECZ—(DW—FZ—)

0 o%kT 2) T kT
1 0o 10T (mC? 3 m _, 0v;
R A ~2)+ o il =00 (2111
+C {ani + T Ox; <2kT 2) + k;TCJ ox; 0 ( )

In the above equation, the material time derivative was introduced, defined
by D = 9/0t + v;0/0x;.

4 In the determination of p;;|z, the following relationship

mc? 1 5 mc?
/CZ'C]'e 26T C = 55”- /C e 2T dC,

was used. This expression is valid for all vectors C in a three-dimensional vector
space, and a list containing other integrals is given in the appendix of this chapter.
The heat flux vector in equilibrium vanishes because C?C; is an odd function of
the peculiar velocity C, whereas f(*) is an even function of it.
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Equation (2.111) is a polynomial equation of the peculiar velocity C, which
may be written as

o’ + 0jC; + of;C;Cj 4 0} C*C; = 0, (2.112)
where the coefficients a°, o, a; and af do not depend on the peculiar ve-
locity C.

Since (2.112) is valid for all values of the peculiar velocity C, the coeffi-
cients o, aj, af; and of must vanish identically, i.e.,

Do 3DT
kT (0o 30 0T B
Q'DUZ—FE <3z¢ — 5?@1}1) —oF; =0, (2.114)
DT ov;  0v;
i L) =0, 2.11
T j+ (6% +8x1) 0 ( 5)
T
4 =0. (2.116)
8xi

Equations (2.113) through (2.116) can be manipulated as follows. First, the
trace and the traceless part of (2.115) lead to

DT 2 (%k
— 4+ - = 2.11
T + 3 33% O, ( 7)
a’U@' 1 8712- 8vj 1 a’UT
=_ — — 25 =0, 2.11
8xj> 2 (8mj * 833) 39z, " 0 ( 8)

respectively. The term dv;/0x;y is called velocity gradient deviator.

Next, the following steps are considered: (i) the substitution of the term
DT in equation (2.113) by the use of (2.117); (ii) the substitution of the term
0o/0x; by m(dp/dx;)/kT in (2.114), thanks to p = pkT/m and 0T /dz; = 0,
and (iii) the substitution of the term DT by 2mDe/3k in (2.117), due to
¢ = 3kT/2m. Therefore, (2.113), (2.114) and (2.117) can be rewritten as

81)1'
D =0, 2.119
9+98% ( )
dp
Du; = oF;, 2.120
Dui+5-=0 ( )
De + v _ (2.121)
0 Pog. =0 .

By taking into account the constitutive equations of an Eulerian fluid, namely,
pi; = pd;; and ¢; = 0 into the balance equations (2.98) and (2.102) they re-
duce to (2.120) and (2.121), respectively. Hence, an Eulerian fluid represents
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a fluid in equilibrium where conditions (2.116) and (2.118) hold, which state
that in equilibrium the temperature gradient and the velocity gradient devi-
ator must vanish.

For the determination of the solutions which follow from the system of
differential equations given by (2.113) through (2.116), a derivative of (2.115)
with respect to x is performed, yielding

82’01‘ (92Uj
= 2.122
&mé):vj + &ma:m 07 ( )

due to 9T /dx = 0. Furthermore, it follows from the permutations of the
indexes in (2.122):

82vk 621)]' 821)1- 82vk
= =0. 2.12
8xi8:cj + &maxk 0’ 8x]8xk + 8%8% 0 ( 3)

Now, the addition of the two equations in (2.123) and the subtraction of
(2.122) lead to

aQUk
= 2.124
The solution of the partial differential equation (2.124) is given by
’Uk(X, ﬁ) = uk(t) + Akl<t)$l- (2.125)

In (2.125), uy is an arbitrary vector and Ag; is a second order tensor, both
depending only on time. From the substitution of (2.125) into (2.115), one
can verify that the second-order tensor Ay (t) can be written as

_5‘111\/T

A(t) = ot

Okt + Wi (), (2.126)

where Wy (t) = —W(t) is an antisymmetric tensor. Therefore, on the basis
of (2.125) and (2.126), the velocity becomes

AlnvT .
ot

v(x,t) = u(t) — w(t) x x. (2.127)
In the above equation, w(t) is an axial vector related to the antisymmetric
tensor W (t) through the relationship Wa = w x a (or in Cartesian compo-
nents Wj;a; = €;j5w;ax), which is valid for an arbitrary vector field a. One
infers from (2.127) that the possible motions for a gas in equilibrium are su-
perpositions of: (i) a translational motion u(t¢); (ii) a radial expansion when
0T /Jt < 0 or a radial contraction when 97/0t > 0 and (iii) a rigid body
rotation with angular velocity w(t).
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The substitution of the expression (2.127) into (2.114) leads to

ou;  ?InVT ow; kT Olnp
— —— 5T + ik Tk + — —F;
ot ot ot m ox;
dlnvT OlnvT
+ | u; — ni\/_xj + €jrsWrTs —ni\/—éij +ewy | = 0. (2128)
ot ot
Moreover, the rotational of (2.128) becomes
T
v xF = oI/ (2.129)
ot
Therefore, the solution of (2.129) reads
1 ow/T
F = —EVQO +7T 5 X% (2.130)

where ¢(x, t) is a potential function that depends on the space—time coordi-
nates. Hence, the spatial variation of the mass density follows from (2.128)
and (2.130), yielding

ox; kT TR T T T gy T g T Sk gy T

AInT AlnvT
_ (’u]‘ - Tl‘j + Ejrswr.%'s> <—T5ij + Eilj’wl) } (2.131)

m Ox;

dlnp m{ 1 9p 0w /T Oy *InT ow;

The time evolution of the mass density is obtained from (2.113), which rep-
resents the balance of mass density, i.e.,

alngiivalng+§8lnT
oo T ox 2 0t

Equations (2.131) and (2.132) compose a system of differential equations for
the determination of the mass density of a gas at equilibrium.

In the following, a stationary solution for the fields of mass density, bulk
velocity and temperature will be determined, i.e., a solution where the fields
do not depend on time. In this case, (2.116), (2.127) and (2.130) read

(2.132)

T = constant, (2.133)

V=u+w XX, (2.134)
1

F=——V, (2.135)
m

while (2.131) and (2.132) become

5lng_m{ 1 0p

o, kT | moz. [wi(x - w) — w2$i] - Eiljwluj} , (2.136)
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v-Vep=0. (2.137)

Therefore, a gas in a stationary state at equilibrium has a constant tem-
perature field and a constant bulk velocity which is a superposition of a
translational motion and a rigid body rotation. Moreover, the mass density
must satisfy (2.136) and, according to (2.137), the gas flow is alongside of
equipotential lines.

By choosing a rotational axis where w is parallel to u so that e;;;w;u; = 0,
the integration of (2.136) yields

m
e m

0= XD T T ok

(w?z? — wiwjximj)] , (2.138)
where gp is an integration constant. From (2.138), it is important to analyze
the following cases:

(i) For an air gas in the presence of Earth’s gravitational field, integration
of (2.135) leads to ¢(r) = mgr, where g = 9.81 m/s? is the gravitational
acceleration and r is the height above sea level. Furthermore, if the angular
velocity w vanishes, the mass density o is expressed by the barometric formula

Mgr}

(2.139)

k

— L]
0 = Qo €Xp {——T} = 00 €Xp [— RT

where M = 0.029 kg/mol denotes the molar mass of Earth’s air and
R = 8.3145 J/(mol K) is the molar gas constant. One infers from the above
equation that the mass density decreases with the increasing of the height
above the sea level.

(ii) For a vanishing angular velocity, the Maxwellian distribution function
(2.107) can be written—due to (2.139)—as

FO — & ( m ) exp {_ (% + M;T_TV)Q)] . (2.140)

m \27kT
Equation (2.140) represents the Maxwell-Boltzmann distribution function,
whose more familiar expression is f(*) oc exp (—E/kT), where E = Ep + Ef,
denotes the total energy of the gas which is a sum of its potential Ep and
kinetic EFx energies.

o

(iii) By considering a gas in the absence of external forces and adopting a
cylindrical coordinate system where w = (0,0, w) and x = (r cos ¢, rseng, z),
it follows that

_ mo 9 2)
0 = 0o €xp (ZkTw 7). (2.141)

The expression of the mass density given by (2.141) represents a centrifuga-
tion of the gas at a constant angular velocity.
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Exercises

2.15 If S;; = Sj; is a symmetric tensor and A;; = —A;; an antisymmetric
tensor, then show that S;;A; = 0.

2.16 Obtain the relationships (2.113) through (2.116) from the polynomial
equation (2.111).

2.17 Show that Ay (t) is given by expression (2.126).

2.18 Obtain (2.133) through (2.135) for the stationary case.

2.19 The mass density of air at sea level is gp = 1.23 kg/m?. Calculate the

mass density at a height above sea level: (a) 7 = 20 m and T' = 216.65 K; (b)
r=>50m and T = 270.65 K.

2.7 Entropy and Entropy Flux

Another choice for the arbitrary function % in the transfer equation (2.69)
which leads to an important result is ¢ = —kInbf, where k denotes Boltz-
mann’s constant and b is a constant which makes the argument of the loga-
rithm function dimensionless. Hence, it follows

0 B, of  of of
&/(—kflnbf)dc—i— e /(—kflnbf)cidc+k/[a+cia—xi—|—Fia—Ci de
= 72 In J{ﬂ;}i (1 - J{i];j{) F'f1gbdbde dey de. (2.142)

The underlined term can be replaced, due to the Boltzmann equation (2.20),
by

o o d ' gt
/{8—{+ciaa‘i+ﬂa(‘i]dc/(fflffl)gbdbdsdcldco. (2.143)

The above expression is zero, since it corresponds to a function 1) = 1 in the
right-hand side of (2.69).

It is easy to verify that the right-hand side of (2.142) is positive semi-
definite due to the inequality (1 — z)lnz < 0, which is valid for all z > 0
with the equality sign just if and only if x = 1. From the identification of
x = ff1/f'fi and owing to the positiveness of the distribution functions, it
follows that the production term due to the molecular collisions of (2.142) is
always positive semi-definite. Therefore, one can introduce the quantities

08 = /(fkflnbf)dc, (2.144)
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Y = /(—k:flnbf)C’idc, (2.145)
so that (2.142) can be written as

dos 0

= . ) = 0. .

9t + o7, (osvi + ;) 20 (2.146)

For the interpretation of the quantities given by (2.144) and (2.145) their
equilibrium values will be determined. First, the insertion of the Maxwellian
distribution function (2.107) into (2.144) and integration of the resulting
equation becomes

gs|E=@{§lnT—an+A}. (2.147)
m |2

In (2.147), A = {3/2 — ln[m%b/(Zwk)%]} is a constant.
Now, one can build the differential of s|g, yielding

_k [3dT" do\ 1 p
ds|p = - { } =7 {ds deg} : (2.148)

where in the second equality above, the constitutive equations for the pres-
sure p = pkT/m and for the specific internal energy ¢ = 3kT/(2m) were
introduced. From the comparison of (2.148) with the Gibbs equation of ther-
modynamics

1 p
ds|p = f{de - Ed@}, (2.149)

one may infer that s|g is the specific entropy in equilibrium.

Furthermore, the equilibrium value of ¢; follows from the insertion of
the Maxwellian distribution function (2.107) into its definition (2.145) and
subsequent integration of the resulting equation, implying that

¢ilE = / (—kf(o) 1nbf<0>) C;dc = 0. (2.150)

Hence, ; is identified with the entropy flux, a quantity that vanishes in

equilibrium. Moreover, due to the fact that the entropy production density

is also zero in equilibrium, one recognizes (2.146) as the balance equation for

the entropy density, which is also known as the entropy density inequality.
The entropy of the gas S is defined by

S:/ osdx, (2.151)
v

with V' denoting the volume of the recipient where the gas is confined.
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By integrating (2.146) over the volume V occupied by the gas, it follows
that®

@ > - i

dt v 81’2
In the above equation, 7, is a unit normal vector outwards the impermeable
boundary surface 9V which is at rest and delimits the gas.

One can rewrite (2.152) from the knowledge that the entropy flux in a
linearized thermodynamic theory is equal to the heat flux vector divided by
the temperature, i.e., p; = ¢;/T (see Sections 3.1 and 4.1.4). If the surface is
also diathermic, the temperature is a continuous function across this surface
and the gas temperature is equal to the temperature Ty of the wall which
separates the gas from the solid. Furthermore, across this surface the entropy
flux and the heat flux vector are continuous functions provided that the gas
and the surface are at rest. Hence, ¢; = qis /To, where qf is the heat flux vector
corresponding to the solid surface. By taking into account these conditions,

it follows that dS S
q; Ty
> — 2 __dA. 2.153

Now, by recalling that the heat transferred from the solid to the gas is given
by dQ = —(q7n;)dAdt, (2.153) becomes

dV = —/ (plﬁldA (2.152)
ov

dQ
s > / T (2.154)

Note that by convention the heat supplied to a body is considered as a positive
quantity and, in this case, 7i; points outwards, whereas ¢ points inwards the
surface.

The inequality (2.153) is the mathematical expression of the second law
of thermodynamics, which can be interpreted as: the entropy change of a
body in a thermodynamic process cannot be smaller than the exchanged
heat divided by the temperature.

Exercises

2.20 Obtain the expression (2.147) for the specific entropy in equilibrium.
2.21 Show that the entropy flux vanishes in equilibrium.

® In order to obtain (2.152), the transport theorem

dt/wd /(M aalﬁ:)dx

was used, which is valid for a continuous differentiable scalar field 1 that repre-
sents some property defined in the volume V.
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2.8 The H-Theorem

2.8.1 Interactions of Gas Molecules with Solid
Surfaces

Consider a wall represented by a closed surface which delimitates the region
occupied by the gas. The following premises will be taken into account: (a)
the wall is at rest; (b) there exist no chemical reactions between the molecules
of the gas and the wall and (c) the residence time of a gas particle in the wall,
the so-called adsorption time, is much smaller than a characteristic time of
the problem in study.

Let x denote an arbitrary point at the wall and n a unit normal vector
pointing in the direction of its interior (see Figure 2.6). Consider that at time
t a molecule impinges the wall at point x with a velocity ¢! and that it is
remitted at the same point and at the same time with a velocity c.

Fig. 2.6 Incidence and remission of a molecule from a wall.

The distribution function at the wall is a sum of two contributions, namely,
Fxe,t) = fl(x,e,t) + fH(x, ¢, t), (2.155)

where the incident f(x,c,t) and remitted f7(x,c,t) distribution functions
are given by®

[ f(e) if e-n <0, {0 it ¢-n<0,
fl(c){O if ¢c-n>0, fR(C){f(C) if ¢c-n>0. (2.156)

From (2.155) and (2.156), it is possible to express the moments of the distri-
bution function at the wall points as a sum of two contributions, one related
with the incident molecules and another with the remitted ones. Indeed, the
mass density, momentum density, pressure tensor and heat flux vector can
be written as

¢ /c~n<0 mf! (e)de + / mf(c)de = or + or, (2.157)

c-n>0

5 From now on the dependence of the distributions functions on the variables x
and ¢ will be omitted.
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ov; = / me; f1(c)de —|—/ me; fR(c)de = orv! 4 orvl, (2.158)
c-n<0 c-n>0
Dij = / mC;C, f!(c)de +/ mC;C; ff(c)de = pfj +pf§f, (2.159)
c-n<0 c-n>0
1 1
¢ = —/ mC2C;f!(c)de + —/ mC2C; f(c)de = ¢! + ¢F. (2.160)
2 c-n<0 2 cn>0

The wall is supposed to be non-porous and non-absorbing, so that all incident
molecules will be remitted. In this case, the following relationship holds

orving = —opvling, ie., ovin; = 0. (2.161)

Furthermore, if t denotes a unit vector perpendicular to the unit normal
vector n, so that n;t; = 0, the velocity can be written as v = (v - t)t.

Now, it is supposed that the molecules are in thermal equilibrium with
the wall with a temperature Ty and are remitted according to a Maxwellian
distribution function, denoted by f,,. In this case, f,, reads

2

R . _mc
f waeXp{ 2kTo]’ (2.162)

where ¢ is a factor obtained from the condition of a non-porous and non
absorbing wall. For calculation simplicity, let the unit normal be directed
along the z1-axis, so that one can write from (2.158), (2.161) and (2.162):

S mc?
0= / mein; f(c)de +/ me;n;i¢ exp [— ] dc
c-n<0 cn>0 QkTO

+o00o +oo +o00o mc2
= Q[Uijni +/ / / me1C exp [ } dcideades. (2.163)
—00 —00 0

2kTy
From the above equation, one obtains ¢, so that (2.162) becomes

1 m me

2
fw= %WQR(VR - n)exp [— 2/€T0:| . (2.164)

The oldest model used to describe the interactions of gas molecules and solid
surfaces is due to Maxwell.” In this model, a fraction (1 — a) of the gas
molecules is specularly reflected with a velocity ¢ — 2n(c-n), whereas a frac-
tion « of the gas molecules is diffusively remitted according to a Maxwellian
distribution function with the temperature of the wall Ty, i.e.,

fe) = (1= a)f'(c = 2n(c-n)) + a%ﬁgﬂt(v}% “n) exp { ;76;’0] :
(2.165)

7 J. C. Maxwell, “On stresses in rarefied gases arising from inequalities of temper-
ature”, Phil. Trans. R. Soc. London, 170 231-256 (1879).
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For the remitted molecules, the pressure tensor and the heat flux vector reads
pf}t]—ni =—(1- a)pfjtjni -« [QR(VR -n)(v- t)] , (2.166)

a® n=—(1-a)g’ -n)+a {Q%QR(VR “n) [1 + 4]’;;0 UQ] } , (2.167)

due to their definitions given by (2.159) and (2.160), respectively, and to the
distribution function (2.165).

One can infer from (2.166) and (2.167) that: (i) for a genuine diffusive
remission (o = 1), the pressure tensor of the remitted molecules tangential
to the wall is associated with a velocity slip, whereas the corresponding heat
flux vector normal to the wall is connected with the remitted energy flux
of the molecules, and (ii) for a pure specular reflection (o = 0), the total
pressure tensor tangential to the wall is zero, i.e., p;;t;n; = 0, indicating
that there exists no slip while the total heat flux vector normal to the wall
vanishes, i.e., q-n = 0.

Exercises

2.22 Show that the Maxwellian distribution function f,, is given by (2.164).
2.23 Obtain (2.166) and (2.167).

2.8.2 Scattering Kernels

Let P(c! — c®;x,t)dc!dc” be the probability that a molecule is remitted at
time ¢ from a point x at the wall with velocities in the range ¢’ and ¢ +dc”,
when it impinges at the same wall point and time with velocities in the range
¢! and ¢! + dc’. One may say that the number of molecules with velocities
in the range ¢! and ¢! + dc! which impinges on a unit area of the wall per
unit time is given by?®

dNT =| ¢! -n| f(ch)dc!. (2.168)

The impinged molecules with velocities in the range ¢! and ¢! + de! will be
remitted from the wall with velocities in the range ¢ and ¢ + dc, so that
the number of remitted molecules per unit wall area and time is given in

terms of probability of remission P(c! — cf?), i.e,

ANTR =| ¢! - n | f(c!)P(c! — cF)dc!dc®. (2.169)

8 The dependence of the functions f and P on x and ¢ will also be omitted from
now on.
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Hence, in order to determine the total number of remitted molecules per unit
wall area and time and with velocities in the range ¢ and ¢+ dc®, one has
to perform an integration over all impinged molecular velocities ¢!, yielding

AN =| cft-n| f(cP)dc! = ch/ |ch-n| f(ch)P(c! — cf)de!.

cl-n<0
(2.170)
The probability density P(c! — cf?), known as scattering kernel, has the
following properties:

(a) The scattering kernel is positive semi-definite:
P = >o. (2.171)

This property is evident because P(c! — ¢%) represents a probability density.

(b) The scattering kernel is normalized, i.e.,
/ P(c! — cBydcf = 1. (2.172)
cf.n>0

This property is a consequence of the condition that the wall restitutes all
incident molecules.

(c) The scattering kernel satisfies the reciprocity law or detailed balance law:
! n| fu(c)P(c! — cf) =| cf-n| fu(c®)P(~cf — —cl). (2.173)

In the above equation, f, is the Maxwellian distribution function (2.164) for
a wall at rest and with temperature Ty. The physical interpretation of the
reciprocity law is the following: a gas which is at equilibrium with a wall at
temperature T has a distribution function equal to f,,, so that the number
of molecules—per unit of area and time—that are scattered from the range
of velocities ¢! and (¢! + dc) to the one ¢® and (cf* + dcf?) is equal to the
number of molecules that are scattered from the range of velocities —cf and
—(cf + dc®) to the one —c! and —(c! + dc?).

An immediate consequence of (2.172) and (2.173) is that a distribution
function of the incident molecules equal to f,, does not suffer any disturbance
when the molecules interact with the wall, so that the distribution function
of the remitted molecules remains unchanged and equal to f,. Indeed, by
integrating (2.173) with respect to dc! and using (2.172) yields

/ |l n| fu(c))P(c! — cf)de! =| c®-n| fu,(cf). (2.174)
c/ n<0

The specification of a scattering kernel is not a simple problem because
the physical phenomena associated with the interacting processes of the gas
molecules and the solid surface is too complicated. One simple example of
scattering kernel is the one which corresponds to the model proposed by
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Maxwell and whose expression for f#(c) is given by (2.165). In this case,
P(c! — cf) is written as

P(c! — ) = %{(1 —a)i(c! —cf' +2(c” n)n)
1 m\? mec?
_ a% (k—TO) (cI -n) exp |:— 2]@1{2] } (2.175)

It is easy to verify that the scattering kernel given by (2.175) satisfies the
conditions given by (2.171) through (2.174).

The proof of the H-theorem is based on a theorem for the scattering ker-
nels due to Darrozes and Giraud® and Cercignani'®, which will be analyzed
afterwards.

For the proof of the theorem on scattering kernels, one makes use of the
concept and properties of convex functions. A real function F is convex in
the interval (a,b) if for all 0 < ¢ < 1 and for all values of z,y € (a,b) the
following inequality holds:

F((1 =tz +ty) < (1 —t)F(z) +tF(y). (2.176)

A convex function is geometrically interpreted as a function which lies below
the straight line segment connecting any two points in the interval (a, b).

An important property of convex functions refers to the so-called Jensen
inequality'! which can be stated as: If ;1 is a positive measure in the set R
such that

/ dp =1, (2.177)
R

with F being a convex function in the interval (a,b), hence

f(/Rgdu) </Rf(g)du (2.178)

for all measurable function g which are positive, finite and integrable in R.
The cases a = —oo and b = 400 are not excluded from this proposition.
On the basis of the above results, the following theorem can now be proved.

Theorem: If F(g) is a convex function of its argument g, then for all scat-
tering kernel P(c! — cf) which satisfies (2.171), (2.172) and (2.174), it
holds the inequality

9 J. Darrozes and J. P. Giraud, “Généralisation formelle du théoréme H en présence
de parois. Applications”, Compt. Rend. Acad. Sci. Paris A262, 1368-1371 (1966).

10°C. Cercignani, “Scattering kernels for gas-surface interactions”, Transp. Theory
Stat. Phys. 2, 27-53 (1972).

1 See, e.g., W. Rudin, Real and complez analysis (McGraw-Hill, New York, 1987).
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/(C -n) fuF(g)de <0, (2.179)

where g = f/ fu. Furthermore, for F(g) = glng, one has

G G, G
7+ posuT)ng
/(c-n)flnfdc< —M, (2.180)
kT,
where qf, piGj and v]G denote the heat flux vector, the pressure tensor and the

velocity of the gas at the wall, respectively.

Proof: For the proof of the first part of the theorem, let P(c’) denote the
transition probability for a fixed value of cf?

P(c! —»cf) e’ n| fu(c)

I
= 2.181
According to (2.174), its integration over all values of ¢® becomes
/ P(chde! = 1. (2.182)
cln<0

By identifying the condition (2.182) with the one given by (2.177), one may
write the Jensen inequality (2.178) as

#( / Ple)g(c!yde') < / P Flg(c!)de!.  (2.183)
cl-n<0 cl-n<0
The substitution of (2.181) into (2.183) leads to

CIHCR CI~1’1 CI
f(g(CR)) E]_-(/I. . P( )‘ |fw( )g(CI)dC1>

‘CR ' l’l|fw(CR)

P(c! = c®)|c! - n|fu(ch)
s /0 R mlfa(cR) L wle)de!,  (2184)

thanks to (2.173). Furthermore, the multiplication of the above equation by
|c® - n|f,(cf?) and the integration of the resulting equation over all values of
dc’t leads to

Lol nlpuem Flgleydet < [ el nifu(e)Floel)de’,

cl.n<0
(2.185)
by using the condition (2.172). Hence, the first part of the theorem is proved.
For the proof of the second part of the theorem, one inserts

Flg) = glng = -~ fu), (2.186)
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into (2.179). By considering that f,, is given by (2.162) and that (c - n) =
(C - n)—since v satisfies the condition (2.161)—it follows that

2
/(c-n)flnfdc</(c~n)f <ln§—2n]chO)dc

— (g + pof )n;
kT, ’

:/(c.n)f[lng— m (C2+2Crvr+v2)}dc: (2.187)

2k Ty

which is the inequality (2.180), thus proving the above theorem.
The energy conservation law at the wall rest frame with unit normal vector
n; is given by

1
[e] <€G + 5”?;) v n; +PgniUJG + g ni
1
= o5 (55 + 51}%) vin, +pfjnivf + ¢’ n, (2.188)

where the indexes G and S refer to the gas and solid, respectively. Since, by
hypothesis the solid is at rest v = 0 and the wall does not absorb molecules
of the gas vFn; = 0, (2.188) reduces to

ponivs + afni = ¢ni. (2.189)

The above equation shows that the normal component of the heat flux vector
across the wall is not a continuous function and that its discontinuity is
related with shear stresses and the velocity slip of the gas.

Now, the inequality (2.187) can be written as

1
/(c -n)fln fdc < —k—TOqfni, (2.190)

due to (2.189).

As a final comment one can verify that the above theorem is valid also for
the particular cases of specular reflection and diffuse remission because both
cases satisfy the premisses of the theorem.

Exercises

2.24 Show that the scattering kernel (2.175) satisfies the conditions given by
equations (2.171) through (2.174).

2.25 Obtain the inequality (2.187).

2.26 Show that (2.188) follows from the energy conservation law (2.99) for a
steady state and in the absence of the specific external force, namely,

0 1,
92 [g(e—k 5 )vi +q; + pijvi| = 0.
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2.8.3 The H-Theorem

The results of previous sections are important to analyze the function H,
which is defined in terms of the entropy by the relationship S = —kH. In
this case, the inequality (2.152) becomes

—k— > —/ (pl’flldA (2.191)
2%

One may rewrite the above inequality by using the definition of the entropy
flux (2.145), namely, ¢; = [(—kfInbf)C;dc, as

d
n < [/(c ‘n)fln fdc} dA. (2.192)
dt oV

In (2.192), n; = —h; is the normal unit vector pointing inwards to the surface

OV, which encloses the gas. Furthermore, it was supposed that the surface
dV is at rest and is impermeable, i.e., v;n; = 0.

For the analysis of the inequality (2.192), one has to introduce the concept
of linear impermeable wall. A linear impermeable wall is defined as a wall
where the total number of remitted molecules per unit of area and time
obeys (2.170) and whose scattering kernel satisfies (2.171)—(2.174). Particular
cases of linear impermeable walls are those where the incident molecules
are reflected specularly or diffusively from the wall. For linear impermeable
walls, the theorem of previous section holds, and the inequality (2.192) can

be written as dH 40
<= — 2.1

by taking into account (2.190) and by introducing the heat transferred by
the solid to the gas dQ = (¢”n;)dAdt. From the inequality (2.193), one can
state the following theorem.

‘H-Theorem: The time variation of H always decreases for a gas limited by
a linear impermeable wall if in all points of OV, dQ > 0, i.e., if the heat is
flowing from the solid to the gas. The function H remains constant if and
only if the distribution function is a Mazwellian.

Exercises

2.27 Obtain the inequality (2.192).

2.28 Show that dH/dt < 0 when the distribution function does not depend
on the position coordinates x and give a physical interpretation of this result.
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2.8.4 The Paradoxes of Loschmidt and Zermelo

The attainment of the second law of thermodynamics from a microscopic
model based on the kinetic gas theory by Boltzmann was not in consensus
among the scientists who have criticized this procedure, since it was based on
the laws of classical mechanics. The most important objections were enounced
in terms of two paradoxes, which will be analyzed in the following.

The reversibility paradox of Loschmidt (Umkehreinwand) is based on the
assertion: the molecules of the gas obey the laws of classical mechanics which
are symmetric with respect to the time reversal ¢ — —t; hence, the time
inversion leads to dH/d(—t) < 0, i.e., dH/dt > 0, which contradicts the
‘H-theorem.

The Loschmidt paradox is elucidated on the basis of the following argu-
ments: the Liouville’s equation (2.31) is an exact equation and invariant under
time transformation ¢ — —t, whereas the Boltzmann equation (2.20) could be
considered as an approximation of the BBGKY hierarchy (see Section 2.2.3),
which is not invariant under this transformation. Indeed, the left-hand side
of the Boltzmann equation changes its sign under the transformation t — —t
and ¢ — —c, whereas its right-hand side remains invariant.

The recurrence paradox ( Wiederkehreinwand) of Zermelo is based on the
recurrence paradox of Poincaré, which can be enunciated as: any conservative
system, isolated and finite, should return to a neighborhood arbitrarily small
of its initial state after a sufficient long time interval. Hence, the H(t) function
cannot always decrease, since it should approximate its initial value H(0) after
a finite time interval, known as Poincaré’s recurrence time.

This paradox is solved by noting that Poincaré’s recurrence time is so
long that it is practically impossible to observe time intervals where the H
function could increase. Boltzmann’s arguments were:'? ... a recurrence of an
initial state is not mathematically impossible, and indeed is to be expected if
the time of motion is sufficiently long, since the probability of finding a state
very close to the initial state is very small but not zero. The consequence of
Poincaré’s theorem ... is therefore in complete agreement with my theory.

To end this section, one recalls a remark by Chandrasekhar'® on reversible
and irreversible processes: ... a process appears irreversible (or reversible)
according as whether the initial state is characterized by a long (or short)
average time of recurrence compared to the times during which the system is
under observation.

12 L. Boltzmann, “Entgegnung auf die wirmetheoretischen Betrachtungen des Hrn.
E. Zermelo”, Ann. Phys. Leipzig, 57 773-784 (1896).

13'S. Chandrasekhar, Stochastic problems in physics and astronomy, Rev. Mod.
Phys., 15 1-89 (1943). Subrahmanyan Chandrasekhar (1910-1995) Indian Amer-
ican astrophysicist.
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2.9 The Many Faces of Entropy

In this section, further expressions for the equilibrium entropy will be deduced
which are commonly used in equilibrium statistical mechanics.
Let one start with the expression for the entropy, given by

S= —k/v /(flnbf)dcdx, (2.194)

due to (2.144) and (2.151).
At equilibrium, the distribution function is a Maxwellian and one can write
it from (2.107) as

mc?
N( m )% mez N e meT N
(&4

0
f( ) — m 2kT — T o = 17 Pes (2.195)

v
where p. gives the probability to find molecules with velocities within the

range ¢ and c + dc.
The insertion of (2.195) into the definition of the entropy (2.194), yields

+o00
Slp = kN / (pelnpe)de = —kN > (pelnpe), (2.196)

Cc=—00

by choosing b = 1/N and by converting the velocities into discrete variables.

This expression for the entropy is similar to the one used in statistical me-

chanics for a canonical ensemble, i.e., a system of fixed number of particles

N and volume V' and in contact to a thermal reservoir at temperature 7.
Note that one may also express the probability as

o~ Be/kT

“+oo
— where Z = Z e~ Be/kT (2.197)

C=—00

Pec =

is the so-called partition function and E. = mC?/kT is the (kinetic) energy.
The above expression for the probability is known as the Maxwell-Boltzmann
distribution.

By introducing the number of molecules N, = Np. whose velocities are
within the range ¢ and ¢ + dc, the entropy (2.196) becomes

CcC=—00 cC=—00

“+oo “+oo
S|E——k< > NclnNc—NlnN>, since N = > Ne.

(2.198)
The above equation can be rewritten as
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[N! ﬁ Nc!]7 (2.199)

C=—00

S=klnW, where w

due to Stirling’s formula
InN!'~NInN — N, which is valid for all N> 1. (2.200)

The expression (2.199) for the entropy is similar to the one used in statisti-
cal mechanics for a microcanonical ensemble, i.e., a system of fixed number
of particles N, volume V' and energy E. The term W, known as the sta-
tistical weight, represents the number of possible microstates comprising a
macrostate characterized by (E,V, N).

In statistical mechanics, the expressions for the entropy (2.196) and (2.199)
are applied not only for ideal gases but for a wide class of materials.

Exercise

2.30 Obtain (2.199) from (2.196).

2.10 Appendix

The integrals commonly used in kinetic theory of gases are of the type:

3
/C’iIC’iz . .CiyfOde=n <§> /cilch . .Cive P%de,  (2.201)
™

where 8 = m/2kT. The above integral always vanishes whenever the number
of peculiar velocities C is odd.
If N =2, the integral (2.201) can be written as

3 e—BC?
O fOge — (BT L | [OCe " _/ —pcts
/CZCJf dc n <7r> % l/ ac; dc e di;de]| . (2.202)

The first integral on the right-hand side vanishes, since the exponential func-
tion tends to zero for large values of C. Hence, (2.202) reduces to

3 3
-0 dc = By* 1 -BC? 4. _ EQ%/2—502
/C’Lcjf dc n (71') Qﬂam € dc n (7T> 3 C*e dC,

(2.203)

due to (1.123). The final expression for the integral reads
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1

/ CiCifVde = 30 / C? O de. (2.204)
For N = 4, the integral (2.201) becomes

5 —-BC?
. g (BN L [ im0
/C’ZC]Ckle de n (ﬂ) 2ﬂ/ClCJC’;C a0, dc

S| .
=n <ﬁ> o / (6:4C;Cx + C;6,C + CiC;r1) e P de

v
A% 11
_ 2
=n (;) %5 (5i16jk + 5ik5jl + 5ij5kl) / 026 pC dC, (2205)
by wusing (2.204). Now, according to (1.123), one has sze*ﬁCZ
dec = (208/5) fC4e_ﬁczdc, so that the final expression for the integral be-
comes

1
/ C;0;CLC1 fOde = 1—5(5i15jk + 8ikbjt + 0i56k1) / C*fOde.  (2.206)

The following result for NV = 6 can be obtained by using the same method-
ology described above

1
. 0 ge — —
/CZCJCkClCanf dc 105

+6ik5j15mn + 57Lk5jm5ln + 6ik5jn(slm + 5i15jk5mn + 5il6jm5kn
+0310in0km + Cim0;kdin + 0im010kn + Oim0inlkt + 0indjk0im

+8in0;10km + 0indjm0r1) / C®rOde. (2.207)

(6:50k10mn + 6150kmOtn + 650knOim



Chapter 3
The Chapman—Enskog Method

3.1 Thermodynamics of a Single Fluid

In this section, a single fluid is analyzed within the framework of the ther-
modynamic theory of irreversible processes, the so-called TTP.

In this theory, the fluid is described macroscopically by the five scalar
fields of mass density o(x,t), hydrodynamic velocity v;(x, t) and temperature
T(x,t). The balance equations for these fields—given by (2.97), (2.98) and
(2.102)—are written here in terms of the material time derivative (D = 9/0t+
v;0/0x;) as

do  Oov; ov;
ot + ox; P Q+ani ’ 3.1)
Oov; 0 Opij
7 (0v;v; ij) = oFi, = 0Dv; L= oF; 3.2
= +a$j(gvvj+pj) ) 0 v+8xj 0 (32)
doe 0 v; dqi Iv;
9ge oy 4 TV De4 24 L, Y (33
5 3wi(96vz+qz)+pmaxj = Dt 54Dy oz, (3.3)

The system of partial differential equations (3.1) through (3.3) cannot be
considered a system of field equations for the five scalar fields o, v; and T,
since they depend on the unknown quantities: pressure tensor p;;, heat flux
vector g; and internal energy density pe.

It is common in kinetic theory of gases and in thermodynamics to decom-
pose the pressure tensor as

1
Pij = Plij) T 5Predij = plij) + (P + @), (3.4)
where p(;; is the pressure deviator, p the hydrostatic pressure and w de-
notes a non-equilibrium pressure, known as dynamic pressure. Although the
dynamic pressure vanishes for rarefied monatomic gases, it plays an impor-
tant role for polyatomic and dense gases (see Chapters 5 and 6).
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For fluids, the hydrostatic pressure and the internal energy density are
known functions of the mass density and of the temperature through the
thermal and energy equations of state, respectively. Hence, the unknowns in
the system of equations (3.1) through (3.3) are: the pressure deviator p;;,
the dynamic pressure w and the heat flux vector ¢;. The relationships of these
quantities as functions of the basic fields depend on the material, and in the
thermodynamic theory of materials, are known as constitutive equations.

The main objective of this chapter is to determine the constitutive equa-
tions within the framework of the Chapman—Enskog method applied to the
Boltzmann equation, but first they will be derived from a phenomenological
theory based on the thermodynamic theory of irreversible processes.

The starting point of the thermodynamic theory of irreversible processes
is the Gibbs equation (2.149), which can be written in terms of the material
time derivative as )

Ds=— (Ds - %DQ) . (3.5)
The elimination of the material time derivatives De and Dp from the Gibbs
equation (3.5) by the use of the balance equations of mass density (3.1) and
specific internal energy (3.3) leads, after some rearrangements, to!

dos O ( Qi) _ _lwavi o1 v 19T _
o T 8xi Tp<”> 8xj> TQanxi

I (4 =¢. (3.6
at Oz, osvi + T s (36)
Equation (3.6) can be interpreted as the balance equation for the entropy
density. Indeed, from the comparison of (3.6) and (2.146), it is possible to
identify ¢; /T as the entropy flux ¢; and ¢ as the entropy production density,
which is a positive semi-definite quantity, i.e.,

1 8w 1 vy 1 T
= Sl U Rl ) .
Twaxi TP) dxjy T2 4 or; = 0 (3.7)

bl o
3 T )

One may infer from the inequality (3.7)2 that the entropy production density

is a sum of products of thermodynamic forces with thermodynamic fluxes,

which can be interpreted as a cause—effect relationship (see Table 3.1).

Table 3.1 Thermodynamic forces and fluxes

Thermodynamic forces (cause)| Thermodynamic fluxes (effect)

v,  oT 9 Cm.
Ox;’ Oz;’ Ox; W, qi, P(ij)

Within the framework of the thermodynamic theory of irreversible pro-
cesses, linear constitutive equations are assumed, i.e., linear relationships
between the thermodynamic fluxes and thermodynamic forces, namely,

dv; vy, vy,
! Note that p(;; v pijﬁ = Peig) ax§> :
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8vi 311@ oT

(3.8)

The relations (3.8) are the constitutive equations for a viscous and thermal
conducting fluid within a linear constitutive theory. By combining equations
(3.4) and (3.8)1 2, one can write the pressure tensor as

8’Ur 81}(2
Dij (p naxr>5g uaxﬁ (3.9)

Equations (3.8)3 and (3.9) represent, respectively, the laws of Fourier and
Navier—Stokes, where A denotes the thermal conductivity coefficient, n the
bulk viscosity coefficient and p the shear viscosity coefficient.

Now, the insertion of (3.8) into (3.7)2 leads to

n dvi % 2p Oy Ovgs i@_T@_T > 0. (3.10)
T O0x; 0x; T Oxj Oxjy  T? Ox; Ox;

The above inequality is of the type AX? + BY? + CZ? > 0, which is valid
for all values of X, Y and Z. Hence, one must have A > 0, B > 0 and C > 0,
ie.,

n=0, =0, A>0, (3.11)

showing that the coefficients of bulk viscosity 7, shear viscosity u and thermal
conductivity A are positive semi-definite quantities.

Exercise

3.1 Obtain the expression (3.6).

3.2 Simplified Version of the Chapman—Enskog Method

3.2.1 The Integral Equation

The basic idea of the Chapman-Enskog method in a simplified version is
to write the distribution function as a sum of two terms. The first term
corresponds to the Maxwellian distribution function, which gives the local
values of the fields of mass density, hydrodynamical velocity and tempera-
ture. This term is the first approximation to the distribution function. The
second term—which is associated with the second approximation—refers to
a deviation from the Maxwellian distribution function. From the latter, one
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obtains the transport quantities associated with the pressure tensor deviator
p(ijy and heat flux vector ¢;. Hence, the distribution function is written as

f(X, C,t) = f(O)(X’ C,t) + f(l)(xﬂ C,t) = f(o) (X, c,t) [1 + ¢(X7 cvt)] ’ (3'12)

where £(© is the Maxwellian distribution function

fOx,c,t)=n (§> Teh (3.13)

By writing fM) = f©¢, the quantity ¢ becomes the deviation of the
Maxwellian from the equilibrium state. This does not define a rule for the
approximation, and in order to define the method in a better way, one must
assume that the mean free path [ is small with respect to a typical length L
over which mass density, hydrodynamical velocity and temperature vary in
a significant way. This assumption is suitable to obtain a continuum descrip-
tion from the Boltzmann equation. Hence, it is assumed that ¢ is of order of
l/L.

From the definitions of mass density o, hydrodynamic velocity v and tem-
perature T', given by (2.86), (2.87) and (2.95), respectively, it is easy to verify
that

0= / mfdc = / mf©de, (3.14)

1 1

v = - /mcifdc = - /mcif(o)dca (3.15)
0 0
m m

T — 2 d = — 2 (O)d . ']-
3kQ/mec 3kg/m0f c 210

One infers from the above equations that

/ VD gde =0, (3.17)

2 (or

where 1 represents a summational invariant, i.e., m, me; (or mC;), mc
mC?).

The deviation of the distribution function from the equilibrium state in
the Chapman-Enskog method is determined from the Boltzmann equation

(2.20), namely,

of . of
E T 65c,

+Fi§—£ :/(f{f’—flf)gbdbdsdcl. (3.18)

The substitution of the representation of the distribution function (3.12) into
the Boltzmann equation (3.18) leads to
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(2 tol 4 r 2 ) Fo = /f“”fl(o) (¢ +¢' — 1 — ¢) gbdbde dey,
8t 8:01 6ci

(3.19)
by maintaining only the most important term in each side of the equation.
This means that on the right-hand side of (3.19) one considers the linear
terms in the deviation f(®)¢, whereas in its left-hand side only the deriva-
tives of the Maxwellian distribution function are taken into account, since
these derivatives correspond to the thermodynamic forces that induce the
appearance of the deviation f(®)¢. Furthermore, in (3.19), the equilibrium
relationship fl(o)f(o) = f{(o)f’(o) was used.

One may write (3.19) in a compact form as

Df? =T[g], (3.20)
where the differential operator D and the integral operator Z are defined by

9 ) )
D:g-’-&ba—xz-’—ﬂa—ct,

Tig) = / FOFO (4 1 ¢ — ) — ¢) gbdbde de. (3.22)

(3.21)

Equation (3.20) is no longer an integro-differential equation, but an inhomo-
geneous integral equation for the deviation ¢ and its determination is one
of the fundamental problems of kinetic theory of gases, since it leads to the
knowledge of the transport coefficients in terms of molecular interactions.

The deviation ¢ becomes a solution of the integral equation (3.20) once
its left-hand side satisfies the condition

/w (Df<0>) de =0, (3.23)

where ¢ is a summational invariant, i.e., ¥] + ¢’ = ¢ 4+ 1. The above con-
dition is a consequence of the following result, which is valid for all functions

o(x,c,t):
/cpI [¢] de = /apf(o)ffo) (¢ + ¢ — ¢1 — ¢) gbdbde deide
- / 67O (¢ — o1 — o) gbdbde derde = / ¢Tlglde. (3.24)

The third equality in the above equation is obtained by using similar argu-
ments as those employed in Section 2.3 in order to deduce the right-hand
side of (2.69). In particular, when ¢ is a summational invariant, the integral
(3.24) vanishes and it follows the expression (3.23).

The derivatives Df(9) are calculated by the insertion of (3.13) into (3.21),
yielding
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T

e? {1 90 | 10T (66‘2 g) +260]m]} } (3.25)

DFO — fl ){ig (gc2 _> DT 98¢, (Dvi - F)

Ox; T Ox;

The substitution of (3.25) into (3.23) and the integration of the resulting
equations over all values of ¢ leads to the balance equations
ov; Op 3 k ov;

:0, Dz = Fi, ey —DT
ox; oPvi + ox; e QQm +p8mi

Do+ o =0, (3.26)
when the values of 1 are chosen as m, mc; and mc?, respectively. Now,
from the comparison of (3.26) with (3.1)—(3.3) one verifies that the former
are particular cases of the latter. Indeed, equation (3.26) represent the field
equations of an Eulerian fluid, i.e., a non-viscous and non-heat conducting
fluid where p;; = pé;; and ¢; = 0.

Equations (3.26) are used to eliminate the time derivatives of the mass
density, hydrodynamic velocity and temperature from (3.25), yielding

Df(© = (0 { (502 -~ 5) C. ST JS - } (3.27)

Finally, the non-homogeneous integral equation for the deviation ¢ reduces

to
oT ovy;
(0) 2_ 2 Rl S Tt (O G
f { @c )am% Zj%m}—ﬂ@

:/f@ﬁW¢+d—@—@gwwwm, (3.28)

thanks to (3.20), (3.22) and (3.27).

Exercises

3.3 Show that (3.24) holds.
3.4 Obtain (3.27) from (3.25) and (3.26).

3.2.2 Solution of the Integral Equation

From the analysis of the left-hand side of (3.28), one infers that a good
approximation for the deviation of the distribution function ¢ is given by
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, vy
¢=—A (502 - g) GO apBeyc; 2

3.29
s, (329)
where A = A(p,T) and B = B(p,T) are two scalar coefficients to be deter-
mined from (3.28). In Section 3.3, a more elaborated theory will be developed,
where the coeflicients depend also on the peculiar velocity.

Now, the insertion of (3.29) into (3.28) leads to the integral equations

fw)(ﬁCQ—-g)CE=:—AI[(5CQ——2>(E} (3.30)
F0CuCy = =BI[CuCy), (3.31)

by equating the coefficients of 9T'/0x; and dv(;/0x;y to zero.

The determination of the coefficient A proceeds as follows. First, (3.30)
is multiplied by (8C)%C; and the resulting equation is integrated over all
velocities ¢, yielding

%n = —Ap? /CQCZ-I Kﬁ(ﬂ — g) C’Z} dc, (3.32)

thanks to (2.204).
Let the integral in the right-hand side of (3.32) be denoted by I;. According
to (3.24), this integral may be expressed as

I = / C*CiI [(502 — g) CZ-] de = / <502 — g) CiI [C*Cy] de. (3.33)

For the calculation of the integral I7, a change of the integration variables
is performed by replacing the velocities C and C; by the relative velocity g
and by the center of mass velocity G, defined by

C,+C

g=C,-C, G =1

(3.34)

The linear momentum conservation law implies that G’ = G, so that one has
from (3.34):

1 1 1 1
C=G-_g, Ci=G+ =g, C'=G--¢, C=G+ =g
2 2 2 2
(3.35)
Furthermore, the Jacobian of the transformation of the volume elements has
modulus equal to one implying that dCdC; = dgdG.
Now, on the basis of (3.35), one obtains

(C2CHY + (CCy) = (CPCi)' = (C*Ci) = Gy (gid; — 9i95) » (3.36)



88 3 The Chapman-Enskog Method

so that the integral I;—thanks to (3.13), (3.35) and (3.36)—can be rewritten

as
I6] 3 2 _ B2 1 5
L =n? (—> /e‘zﬂG e 29 {6 (G2 —Gsgs + —g2> - —]
0 4 2
1
X (Gi - §g¢> Gj (959; — 9j9i) gbdbde dG dg.  (3.37)

The integration of (3.37) with respect to G yields

2

n? (B\® [ s
h=-—+ (g) /e 29 gi9; (9395 — 9ig9;) g bdb de dg. (3.38)

The final expression for I; is obtained from the integration of the above
equation with respect to the azimuthal angle £ and to the angles of the
spherical coordinates of g, which leads to

—/mn? (%) T o), (3.39)

In the above equation, the following collision integral was introduced

) — / 6*72727*3@ v) dy = / / A2 H3 1 — co8 X) bdbdry,
0

(3.40)
which is written in terms of the effective cross section Q()(y) defined by
(1.111). Furthermore, x = arccos(g’ - g/g?) is the scattering angle, and v =
\/B/2 g represents a dimensionless relative velocity.

Once the integral I is known, the coefficient A becomes

- 15 m
©32n02@2)\ rkT

(3.41)

due to (3.32) and (3.39).

For the determination of the coefficient B, one proceeds as follows: (3.31) is
multiplied by 32 C;Cjy, the resulting equation is integrated over all velocities
c. By using (2.206), 1t follovvb that

5
The integral in the right-hand side of (3.42), namely,
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is calculated by using the same methodology which was employed to deter-
mine the integral [;. First, the integration variables are changed (c,c1) —
(g, G) so that it follows from (3.13) and (3.35) that

TL2 ﬁ 3 ZﬁGQ B 2
_ — -3 ! / _ .
=2 (2) [t gy )
1
X (G@Gj) - Gugj + Zg@gj)) gbdbdedgdG. (3.44)

The subsequent integration of (3.44) with respect to G, ¢ and to the angles
of the spherical coordinates of g leads to

5
2 2
e v (2) o, a9

At last, (3.42) and (3.45) furnish the final expression for the coefficient B,

namely,
) m 2
= =_-A A
b 16n0222) \ ©kT 3A (3.46)

Once the scalar coefficients are determined, the deviation ¢ of the Maxwellian
distribution function is also known and expressed as

15 [ gee S)GOT A5 o O
¢= 3900222\l 7kT <5C > + - CiC , (3.47)

2) T Ox; 3 j@xj>
thanks to (3.29), (3.41) and (3.46).

Exercises

3.5 Show that the representation (3.29) fulfills the conditions (3.17).
3.6 Obtain the expressions (3.37), (3.38) and (3.39) for the integral I;.
3.7 Obtain the expressions (3.44) and (3.45) for the integral I5.

3.2.3 Constitutive Equations and Transport
Coefficients

The insertion of the representation of the distribution function (3.12) together
with (3.47) into the definitions of the pressure tensor and of the heat flux
vector and the subsequent integration of the resulting equations leads to

av@
3x]> ’

by = [ mCiCyfde = pos — 20 (3.48)
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or
8$i '

m
g = / EC2cifdc =-\ (3.49)
The above equations represent the laws of Navier—Stokes and Fourier, respec-
tively, where the coefficients of shear viscosity p and thermal conductivity A
are given by

5 1 mkT 75k 1 mkT
-2 - = 3.50
F=Tenea\ 7 64m 22\ 1 (3:50)
From the above equations, one can build the ratio
A 15k 5 3
C ==, =2y, .51
T m 50 = 5% (3.51)

where ¢, and ¢, denote the specific heats at constant volume and at constant
pressure, respectively.?

An important parameter for thermal conducting and viscous fluids is
Prandtl’s number,? defined by

pr=2 (3.52)
A
and which can be interpreted as the ratio of the fluid capacity to diffuse
momentum to its capacity to diffuse heat. From (3.50) and (3.52), it is easy
to verify that Pr = 2/3 for all monatomic gases whose potential functions of
molecular interactions are spherically symmetric.

Table 3.2 Calculated values of Prandtl’s number Pr for monatomic gases at T =
273 K and p =1 atm.

Gas| M |, ((I?gK) 10-6Pas 10*3V\i\/(mK) Pr
He| 4.00 | 5194 18.81 147.04 0.6644
Ne(20.18 | 1030 | 30.13 46.71 0.6641
Ar|39.95| 520 21.08 16.46 0.6660
Kr| 83.80 | 248 23.43 8.72 0.6662

Xe|131.30] 158 | 21.04 5.00 0.6658

Prandtl’s numbers for monatomic gases are given in Table 3.2, which were
calculated by using (3.52) and the data for the coefficients of shear viscosity
and thermal conductivity.* Note that for all ideal monatomic gases Pr ~ 2/3.

2 The specific heats at constant volume and at constant pressure are defined by
cv = (0¢/0T),, cp = (Oh/OT),,, respectively, where h = € + p/p is the specific
enthalpy. For ideal monatomic gases p = okT'/m and € = 3kT'/2m so that ¢, =
3k/2m and ¢, = 5k/2m.

% Ludwig Prandtl (1875-1953) German scientist.

4 J. Kestin; K. Knierim; E. A. Mason; B. Najafi; S. T. Ro & M. Waldman, “Equi-
librium and transport properties of the noble gases and their mixtures at low
density”, J. Phys. Chem. Ref. Data, 13, 229-303 (1984).
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Another important conclusion on the transport coefficients is that neither
the shear viscosity nor the thermal conductivity depend on the particle num-
ber density being only functions of the temperature and of the type of the gas.
This statement was previously established in Section 1.2.5 for the particular
case of hard-sphere potential by using an elementary kinetic theory.

Hard-sphere Potential

For the hard-sphere potential, the viscosity cross section is given according
to (1.113) by Q® = d?/3. Hence, the collision integral (3.40) reduces to

d2 fe%s) 5
022 _ ?/ e dy = o2, (3.53)
0

and the coefficients of shear viscosity and thermal conductivity, that follows
from (3.50), read

5 mkT A\ 75k mkT

IR A T 6amd2V w (3:54)

I
Note that both coefficients—as was anticipated in Section 1.2.5—depend on
the square root of the temperature.

Potential of Centers of Repulsion

The viscosity cross section for the centers of repulsion potential follows from
(1.115), yielding

Q® — (fn_*”v) T An(w). (3.55)

For this case, the collision integral (3.40) reads

K\ et o0 a4
202 = (—> lAz(v)/ e Ty dy
0

2%KT
K\ 7ot 1 v —6
- (%—T) As(v) 5T ( —— ) : (3.56)

and the coefficients of shear viscosity and thermal conductivity that follows
from (3.50) become

W) o (520,
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2

()7l (=0)]

From (3.57) and (3.58), one infers that both coefficients depend only on
the temperature and are proportional to 7*13)/2(*=1) For the case of a
Maxwellian potential where v = 5, (3.57) and (3.58) reduce to

4v — 6
v—1

\_ 5k [mkT

2kT
T 32m T

K

(3.58)

sk KT [m
~2mm Ax(5) V) 2k

2 kT m

T 31 Ax(5) V 2w (3.59)

I

In this latter case, the coefficients of shear viscosity and thermal conductivity
are proportional to the temperature. The conclusion of Maxwell was®: “Hence
1 varies as the absolute temperature, and is independent of the density.. .. The
experimental result, that the viscosity is proportional to the absolute tempera-
ture, requires us to abandon this hypothesis, which would make it vary as the
square root of the absolute temperature, and to adopt the hypothesis of a re-
pulsive force inversely as the fifth power of the distance between the molecules,
which is the only law of force which gives the observed result.”

8e-05 T T T 0.06 T T T
© Data from Kestin et al. L | o Data from Kestin et al.
r [— Maxwellian molecules 0.051-|~" Hard-spheres
—- Hard-spheres ' — Maxwellian molecules
6e-05 = r o]
. °l o004 o A
n AT
4e-05 -1 003 =]
-7 0.02 .
2e-05 3
0.01 =
| L | | L |
%O 250 50_? 750 1000 %O 250 50_? 750 1000

Fig. 3.1 Left frame: shear viscosity (Pa-s) as function of the temperature (K); right
frame: thermal conductivity (W m™! K™') as function of the temperature (K).

The coefficients of shear viscosity and thermal conductivity for argon gas
are plotted as functions of the temperature in the left and right frames of
Figure 3.1, respectively. In both frames, the circles represent the data taken
from the work of Kestin et al., the straight lines refer to a gas of Maxwellian
molecules and the dashed lines to a gas of hard spheres. The diameter of the
hard spheres d and the constant x of the Maxwellian potential were obtained
from the expressions for the shear viscosity (3.54); and (3.59); by considering

5 J. C. Maxwell, “On the Dynamical Theory of Gases, Phil. Trans. R. Soc. London,
157, 49-68 (1867).
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p = 21.08 x 107% Pa-s and T' = 273 K. Hence, for argon gas of Maxwellian
particles, the coefficients of shear viscosity and thermal conductivity are given
by p = 7.72x1078T and A = 6.02 x 1027, respectively, whereas for the case
of hard-sphere particles by 1 = 1.28 x 10~%/T and A = 9.95 x 10~*//T". Note
that for temperatures in the range 50 K < 7' < 500 K, the shear viscosity and
thermal conductivity for a Maxwellian potential is closer to the data than
those for a hard-sphere potential.

Exercises

3.8 Obtain the expressions for the pressure tensor (3.48) and for the heat
flux vector (3.49).

3.9 By using the value of the shear viscosity for argon gas at T' = 273 K given
in Table 3.2 and A2(5) = 0.436, estimate the values of x for the Maxwellian
potential and d for the hard-sphere potential.

3.3 Formal Version of the Chapman—Enskog Method

3.3.1 The dimensionless Boltzmann Equation

In the absence of external body forces, the Boltzmann equation (2.20) reduces

to of of
E te laIi

The above equation can be rewritten in a dimensionless form by introducing
the dimensionless variables

t* :t/tc, x* :X/Lc; c* :C/E,
{g* =g/9, b* =b/d, e* =¢/m, = f/f.. (3.61)

In the relations (3.61), t. and L. are a representative time and length which
characterize the fluid flow. Furthermore, d is the molecular diameter, ¢ the
mean thermal velocity and g the mean relative velocity. The characteristic
value for the distribution function f,. is equal to n/c®, where n represents the
particle number density of the gas. In terms of the dimensionless variables
(3.61), the Boltzmann equation (3.60) becomes

/(flf fif)gbdbde dc;. (3.60)

of  Lof _ s
Sr o +c da7 = %n / = f f*)g* b* db* de* dcy, (3.62)
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where Sr is Strouhal’s number and Kn is Knudsen’s number®, which are

defined by

L, l
Sr=—, Kn=—, (3.63)

cte L.
and [ is the mean free path whose expression is given by (1.3).

The Knudsen number characterizes the degree of rarefaction of a gas.
When Kn > 1, the molecular collisions become negligible, the distribu-
tion function is determined via a collisionless Boltzmann equation and the
regime of the gas is known as free molecular flow. Otherwise, when Kn < 1,
the molecular collisions are very important, the distribution function is de-
termined by the collision term of the Boltzmann equation and the gas is
described by a continuum regime.

Exercise

3.10 Obtain the dimensionless Boltzmann equation (3.62).

3.3.2 The Integral Equations

In the method of Chapman-Enskog, the distribution function f is expanded
in power series of a parameter e, which is of order of the Knudsen number.
The series expansion is expressed as

o0

F=fO4efO @4 =€), (3.64)

r=0

where £ (1) and f® represent the first, second and third approximation
to the distribution function, respectively, and so on. The parameter € can be
set equal to unity later, so that the proper dimensions are restored. Moreover,
according to (3.14)—(3.16), the approximations must satisfy the constraints

/wf“)dc =0, Vr>1, (3.65)

where 1) represents the summational invariants m, mc; and mc?/2.
By inserting the series expansion of the distribution function (3.64) into
the definitions of the pressure deviator and of the heat flux vector yields

6 Vincenc Strouhal (1850-1922) Czech physicist; Martin Hans Christian Knudsen
(1871-1949) Danish physicist.
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oo o0

Pi) = / CaCy D€ e =3 iy, (3.66)
r=1 r=1
m = o~ ()
_ 2. (M) Je — r
ql_/zCCz;eT]”dC—;erqi , (3.67)

showing that both quantities are described only by the non-equilibrium dis-
tribution functions £, with r > 1.

From an argument based on the dimensionless expression of the Boltzmann
equation of the previous section, the parameter e should be introduced into
the collision term of the Boltzmann equation so that it becomes

af 1
5 = 20§ (3.68)

Df+C;

Above, the collision term was expressed in terms of an integral for a bilinear
quantity

1
Q(F,G) = 3 /(F{G’ + F'G) — F1G — FG1)gbdbde dey . (3.69)
Furthermore, the material time derivative is also expanded in power series as

D=Dy+eD;+eDy+...= ZeTDT, (3.70)
r=1

so that the insertion of the expansions (3.66), (3.67) and (3.70) into (3.1)-
(3.3) lead to the following decomposition of the balance equations

ov;

Dog+oz- =0, Dro=0 (Vr>1), (3.71)
(r)
9p O 59
Dov; =0, 0D+ —F——+ = > 1), 72
0Dov; + oz, 0, oDrv; + 7z, 0 (Vr>1) (3.72)
3 Ov; 3 dg" (r) Ov;
—nkDyT = —nkD, T L - = Vr>1).(3.
Qn 0 +p8xi 07 Qn + 8xi +p<w>8.’17j ( " ) (3 73)

The integral equations for the approximations of the distribution function
are obtained from the insertion of the expansions (3.64) and (3.70) into the
Boltzmann equation (3.68). By equating equal powers of €, one can obtain

Q (f(o), f(o)) =0, (3.74)
()
20 (0, /) = Do+, aéfxl , (3.75)
or
20 (fm)’ f(2>) Lo <f<1>’ f(1>) — DofD 4+ DL FO 4 8fxi | (3.76)
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and so on. The above equations are the three first integral equations for f(©),
fU and f®, respectively.

Exercise

3.11 Obtain the integral equations (3.74) — (3.76).

3.3.3 The Second Approximation

The first approximation to the distribution function f(®) is found as a solution
of the integral equation (3.74). It was previously determined in Section 2.6.1
and corresponds to the Maxwellian distribution function (3.13).

For the determination of the second approximation f(!), the material time
derivative and the gradient in the integral equation (3.75) are written as

af© af© af©
D, £O0) D, Dov; + ——DoT, .
of ag Doe+ —5,—Povi+ =57 Do (3.77)
afO  9f® 99 9fO gu;  9fO oT

ox; do Ox; Ov; Oz; oT 0Ox;

Now, by taking f(!) = f(©¢. the integral equation (3.75) reduces to

20 (f<0>,f<°>¢) = 7 {1 (902 - 2) T+ 2scicy }

/f O (¢, + ¢ — ¢1 — ¢) gbdbde dey, (3.79)

by using (3.77) and (3.78) and by eliminating the material time derivatives
through the use of (3.71)—(3.73). Note that the above integral equation is the
same as the one given by (3.28).

The general solution of the integral equation (3.79) is given by a sum of
the solution of the homogeneous integral equation plus a particular solution
of it, i.e., ¢ = ¢p + ¢Pp.

The solution of the homogeneous integral equation, namely,

I[on] = /f O (@, + ¢ — 1 — ¢)gbdbde dey =0, (3.80)

reads ¢, = a1 +a2C,. +a3C?, where a; and as are scalar functions, whereas
a? is a vector function. These functions do not depend on the peculiar ve-
locity C, so that the solution of the homogeneous equation is a summational

invariant.
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The particular solution of the integral equation is expressed as

_Aor o
Op = T oz, 28B;;j oz, (3.81)
Hence, ¢, is a linear combination of the temperature gradient and of the
velocity gradient deviator, with A; and B;; being, respectively, a vector func-
tion and a tensor function of (C, ¢, T). Furthermore, it is easy to show that
the representations of the vector and tensor functions in terms of the pecu-
liar velocity C are given by A; = A*C; and B;; = BC;Cj, where the scalar
functions A* and B depend only on (C2, o, T).

Therefore, the solution of the non-homogeneous integral equation (3.79)

reads

C; oT

p=—4 T Oz;

i 8 + o + o 20, 4+ a3 C?. (3.82)

The second approximation f(1) = f(©¢ must satisfy the constraints (3.65),
which lead to the following equations

kT kT
a1 + 3—0&3 =0, a1 + 5—043 =0, (383)
m m
A* 0T
/mC’ [ T oz, +ozj] fPde = 0. (3.84)

From (3.83), one infers that a1 = a3 = 0, whereas equation (3.84) shows that
a? must be proportional to 0T'/0x;. By writing the proportionality factor of
2

aj as a/T, the constraint (3.84) reduces to

/C’QAf(O)dc =0, (3.85)

where A = A* — « is a new scalar function of (C?,,T).
From the above results, one obtains that the distribution function (3.64)
up to the second approximation and with € = 1 can be written as

Ap, OT a}

5y~ 20BCiCig Ty (3.86)

f=10+¢) =17 {1 -

The scalar coefficients A and B in the distribution function (3.86) are ob-
tained as solutions of the integral equations that follows from (3.79), namely,

1O [ﬁC2 —~ g} C; = —TI[ACY), (3.87)

fO0,05 = ~I[BC,Cy). (3.88)
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In the following section, the integral equations (3.87) and (3.88) will be
solved by expanding the scalar coefficients A(C?,0,T) and B(C?,,T) in
series of Sonine polynomials (see the appendix to this chapter).

Exercises

3.12 Obtain the constraints (3.83) and (3.84).
3.13 Show that the integral equations (3.87) and (3.88) follow from (3.79).

3.3.4 Expansion of the Scalar Coefficients A and B

In terms of the Sonine polynomials, (3.152), (3.87) and (3.88) become

FOS5)(BC?)C; = T[ACH], (3.89)
FOSNBCHCLCyy = —T [BC:Cy] . (3.90)

Furthermore, the expansions of the scalar coefficients A(C?,p,T) and
B(C?,0,T) in series of Sonine polynomials read

A(027Q7 ZG(T 3/2 502) (391)

Z A 5 T ( ) (BC?). (3.92)

where the scalar coefficients (") and b(") are only functions of (o, 7). From
this point on, the dependence of the Sonine polynomials in the variable 3C?
is omitted.

The coefficient A must satisfy the constraint (3.85), hence by using its
representation (3.91) yields

= / C? f<0>za<’“>5§j;dc
_ : r (") (g
_—4m< ) Za >/ Y8 hCe™ P dC = —ﬁam) (3.93)

thanks to (3.151) and (3.153);. From (3.93), it follows that a(®) = 0, and the
scalar coefficient A reduces to
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A(C?, 0, T Z a S?();)z (3.94)

The insertion of the expressions (3.94) and (3.92) into their respective integral
equations (3.89) and (3.90) leads to

oo

FOSC == aT (85 ], (3.95)
r=1

FO8O,CuCy = =3 b1 [Sé;)20<i0j>] . (3.96)
r=0

The determination of the coefficients (") e b(") from (3.95) and (3.96) pro-

ceeds as follows. First, the integral equation (3.95) is multiplied by 653‘;)20
and the resulting equation is integrated over all values of C. By using (3.151)

one can get

o) 1 .
g =3 ) = -3 / SYHCT[S{LClAC. (3.97)

where (") represents Kronecker’s symbol. Following the same methodology,
the multiplication of the integral equation (3.96) by ﬁQSéj)QC(iCﬁ and the
subsequent integration of the resulting equation leads to

ST - r,8) 1 (s 7,8 (r (s)
2ﬁ25<0 P=Y I, ) = /55/20 G Z[S52C:C5)]dC.
s=0
(3.98)
The integrals (3.97)2 and (3.98)2 depend on the fields (9,7) and on the

molecular interaction potential. Furthermore, from (3.24), one can infer that
ol = o5 Bre) = gler) and a0 =0 =0, (3.99)

One concludes that (3.97); represents an infinite system of algebraic equa-
tions for the coefficients a(™, and (3.98); represents an infinite system of
algebraic equations for the coefficients b(").

In the following section, it will be shown that the transport coefficients of
shear viscosity and thermal conductivity are functions only of the coefficients
a® and b respectively. These coefficients are obtained from the system of
equations (3.97); and (3.98); and read

Zon o pO) = i (3.100)
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where
15 n 1,2 1n
T o0 attm) QD) a(tm)
0 22 a@n)
A;m = det . . ) Ann = det : : )
° ° : (nvl) (n,n)
0 a(n72) a(n7n) « «
(3.101)
5n 5(0,1) 5(0%)
2 B2 5(0,0) 5(0,n)
0o By gLmn)
B, = det ) |, Bun=det : Do
N : : (TL,O) (TL,’I‘L)
0 5(n,1) 5(n,n) ﬁ ﬁ
(3.102)

The coefficients o) and b are determined through a method of succes-
sive approximations. In this method, the approximation of order p for the
coefficients a(!) and b(*), denoted by [aV], and [b(?)],, is given by the sub-
determinant of order p. Hence, the first two approximations for the coefficients
a® and b©) are

15n 1 1

5n
my, = 2" 1 oy, = 21
[a, ]1 4 ﬁ2 O[(l’l)7 [b ]1 9 /62 5(0’0), (3103)
2,2 1,1
[a®], = 15n 22 ’ O], = om gy .
4 2 q(11)q22) — (1.2)° 2 3% 30,0 3(1.1) — gO.1)?
(3.104)

The determination of the integrals a("*) and 5("*) follows the same method-
ology used to calculate the integrals I; and I5 in Section 3.2.2. Indeed, from
(3.97)2, (3.98)2 and (3.152), one obtains

5
oY = /7 (%) T 2002 B0, (3.105)

One can also introduce the integrals agf’s) and ﬁ,(f’s) that depend only on the
collision integrals 27, by writing

a&r,s) _ ﬂ§ a(y-7s)7 ﬁ('r,s) _ 6§

n2\/2r * n2\/ﬁﬁ(r’s), (3.106)

so that
o) _ 42) _ 500 (3107

By following the same methodology, one can obtain the expressions

oM =703 203 422 = %Q(w — 7033 4 03| (3.108)
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O _ 0 g 3019@ 2 _70C3) 4 o) _ 22 35 an
(3.109)

Exercises

3.14 Show that the constraint (3.85) leads to (3.93).
3.15 Prove that the relationships (3.99) hold.

3.16 Show that al? = g0V — 70(2:2) _ 90(23),

3.3.5 Transport Coefficients

The determination of the constitutive equations for the pressure tensor
and for the heat flux vector proceeds as follows. The insertion of the non-
equilibrium distribution function (3.86) together with the representations of
A and B—given by (3.94) and (3.92), respectively—into the definitions of the
pressure tensor and heat flux vector leads to

ov
pij = / mC;C; fdc = pd;; — / 2mBC;C; S FO Zb 5 /20<p —Lde,
q

9 O
(3.110)
m m |5 (1 0) ) o) aT
qz:/gc Oifdc:/ﬁ[ S0, 53/2] Cof© Z; A8, Cr e
(3.111)
n (3.111), the relationship fC? = [553(’(})2 Sé%} was used, which follows

from (3.153)s.

The substitution of the Maxwellian distribution function (3.13) into (3.110)
and (3.111) and the subsequent integration of the resulting equations over all
values of the peculiar velocity C yield

8’U<Z‘ (0)
Dij =P oij — 2M8x . where = QBb (3.112)
j
orT 5k
g = _)\61-’ where A= 4m/§ am, (3.113)

thanks to the orthogonality condition of the Sonine polynomials (3.151).

Since the coefficients b(®) and ") are determined through a method of
successive approximations, so are the transport coefficients g and A due to
the above equations. Hence, it follows from (3.103), (3.104), (3.112)2 and
(3.113)2 that the two first approximations to the coefficients of shear viscosity
and thermal conductivity read



102 3 The Chapman—Enskog Method

5 mkT 1 5 [mkT 1
b = R B0 T16V ey (3.114)

7k [mkT 1 75k [mkT 1

A = = ——\/——= 11
Al 16mV m oD 64mV 1 0227 (3.115)
5 [mkT (1)
12 = 4 T (0,0) (?*1) 1,2)2’ (3.116)
BB = B
75k [mkT (2:2)
Nz = < m O . (3.117)
om T a£1,1)ai2,2) . a(*l’Q)

Equations (3.114) and (3.115) are identical to the corresponding expressions
n (3.50).
Now, from (3.114)—(3.117), one can build the ratios

Wi _ 2. 3.118

oL 2® ( )
—1 _

N2 ol " 0° 1

M 1- NEENCE) > 1= 50000 5D = m~(3-119)

One infers from (3.118) that the ratio of the first approximations to the
coefficients of thermal conductivity and shear viscosity of monatomic ideal
gases is equal to 5¢,/2 for all types of spherically symmetrical molecular
interaction potentials. Furthermore, from the relationship (3.119), it follows
that [A2/[s]2 > [A1/[p]1 = 5eu/2, i.e., the ratio of the second approximations
is larger than the ratio of the first ones.

In the following, the second approximation to the transport coefficients will
be determined for the hard-sphere potential and for the potential of centers
of repulsion.

Hard-sphere Potential

For the hard-sphere potential, the viscosity cross section is given by Q) =
%dQ so that according to (3.40), the collision integral £2(>") reads

X > d 2r +4
Q") :/ v 2’“+3 ~d’dy=—T 3.120
. © 3 6 2 (3.120)

Hence, it follows from (3.107)—(3.109) and (3.120) that

ol = @o,o) — 4d?, olb? — g _ —d?, (3.121)

Q22 ﬁdz (L1 _ 205

L —d?, 122
4 12 (3.122)
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and the two first approximations (3.114)—(3.117) to the coefficients of shear
viscosity and thermal conductivity for the hard-sphere potential become

5 mkT 5
iy = oz Ny = 2e il (3123)
205 45
wly = 200 (1], ~ 1.01485 [u], , A, = ol [Al; = 1.02273 [A]; . (3.124)

Note that the second approximations to the transport coefficients is a small
correction to the first ones, so is the ratio [A]2/[p]2 = 1.00776[A]1/[u]1-

Potential of Centers of Repulsion

The viscosity cross section for the centers of repulsion potential is given by
(3.55), and the expression for the integral £2(>7), which follows from (3.40),
reduces to

e K \v21 _ a4
0(27T) — / 6772’}/27‘4»3 (_Qk_T> ’Y uil A2 (l/) d/y
0

_ (%)%Ag( );F<T+2—i1) (3.125)

For the centers of repulsion potential, one obtains from (3.107)—(3.109) and
(3.125):

ORI (2kT) ()T <4:_16> , (3.126)
o = o - 1 <V__?> @y, (3.127)

For this case, the first two approximations to the transport coefficients of
shear viscosity and thermal conductivity become

], = g\/@ (#) - /[AQ(V)F (4:__16>] , (3.130)
=Sl b= (14 g Y b sy
N, = <1 1w _(:)(_1?);_ 13)> N, - (3.132)
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One can verify from (3.131) and (3.132) that the second approximations
to the transport coefficients of shear viscosity and thermal conductivity are
equal to the first ones for the case of Maxwellian molecules, where v = 5.
This conclusion is also valid for all successive approximations to the transport
coefficients of a gas of Maxwellian molecules (see Section 4.2).

Exercises

3.17 Show that the inequality [A]2/[u]2 > [Al1/[#t]1 = 5ew/2 holds.

3.18 Obtain the approximations (3.124) for the hard-sphere potential and
(3.131) and (3.132) for the centers of repulsion potential.

3.4 The BGK Model

One of the main difficulties to deal with the Boltzmann equation is the one
associated with the expression of the collision term, since it depends on the
product of two distribution functions, namely,

Q(fvf)==l/kf{f’—-f1f)gbdbd6dcl~ (3.133)

With the aim of simplifying the structure of the collision term but main-
taining its basic properties, simpler expressions for the collision term were
introduced in the literature, which are known generically as kinetic mod-
els. One of the oldest model—known as the BGK model—was formulated
independently by Bhatnagar, Gross and Krook and by Welander.”

The collision model J(f) must fulfill the same properties of the true col-
lision term Q(f, f) of the Boltzmann equation. The properties are

(a) for all summational invariants ¢ = m, mc; and mc?/2, Q(f, f) and J(f)
must satisfy the conditions

/¢QUJNCZQ and t/wJUMc:& (3.134)

(b) the tendency of the distribution function to equilibrium—or equivalently
the H-theorem—must hold, i.e.,

/lan(f, fde<0  and /m FI(f)de <0, (3.135)

7 P. L. Bhatnagar, E. P. Gross and M. Krook, “A Model for Collision Processes
in Gases. Small Amplitude Processes in Charged and Neutral One-component
Systems”, Phys. Rev., 94 511-525 (1954); P. Welander, “On the Temperature
Jump in a Rarefied Gas”, Arkiv for Fysik, T 507-553 (1954).
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In the BGK model, the expression for J(f) is given by

J(f) =v(fO = 1), (3.136)

where f(©) is the Maxwellian distribution function (3.13) and v represents
a frequency which is of order of the collision frequency. Under this circum-
stance, the Boltzmann equation (2.20) becomes

of of of

ot te Z@x 801

v(fO - ). (3.137)

Due to (3.136), it is easy to verify that the condition (3.134)y is identically
satisfied. For the proof of the second condition (3.135)2, consider the simple
case where the distribution function does not depend on the spatial coordi-
nates and that the external forces are absent. In this case, (3.137) reads

of _

o =0 =0 (3.138)

The multiplication of the above equation by Inbf and the integration of the
resulting equation over all values of c leads to

/fl bf)dc —/—dc—u/ (fO = f)(Inbf)de. (3.139)

By taking into account (3.138), it is easy to verify that the second term on the
left-hand side of the above equation vanishes. Furthermore, one may write

(3.139) as
En /f Inbf)dc = l//f ( (0)) In %dc, (3.140)

since Inbf(® is a summational invariant and the following relationship holds

/f(o) lnbf(o)dc:/flnbf(o)dc. (3.141)

From the inequality (1 — z)Inz < 0, which is valid for all z > 0, it follows
the H-theorem for the BGK model:

887: <0, where H= /V </f(1nbf)dc) dx. (3.142)

Here V' denotes the volume of the receipt where the gas is confined.

The non-equilibrium distribution function can be obtained from the model
equation (3.137) by using the Chapman—Enskog method. For that end, one
may write
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f(x,ct) = fO(x,¢c,t) [1 4 ¢(x, ¢, )], (3.143)

where ¢ is the deviation from the equilibrium state of the Maxwellian distri-
bution function.

The substitution of the Maxwellian distribution function f(©) into the left-
hand side of the model equation (3.137) and the representation (3.143) into
its right-hand side yields

af© af©

af©
o 9o T e

=v(fO — )= —vfO¢, (3.144)

Now, one proceeds as follows. First, the Maxwellian distribution function
(3.13) is inserted into the above equation and the derivatives are performed.
Next, the elimination of the time derivatives of the fields o, v; and T—by
taking into account the field equations of an Eulerian fluid (3.26)—leads to
the determination of the non-equilibrium distribution function, namely,

171 /mC? 5 oT m ov
O _2|= _2 g Tk
r=7 {1 v [T <2kT 2) O T RT Y axw”' (3.145)

The Navier—Stokes and Fourier laws may be obtained by inserting the dis-
tribution function (3.145) into the definitions of the pressure tensor and of
the heat flux vector and the subsequent integration of the resulting equations
over all values of c, yielding

= a2
Oz’ a4 0x;

Dij =P oij — 2 (3.146)

The coefficients of shear viscosity and thermal conductivity in this case are
given by .
P Skp

p=, )\—me. (3.147)
Although it is very simple to obtain the non-equilibrium distribution function
from the BGK model, it does not furnish the right ratio for the transport
coefficients. Indeed, on the basis of the results (3.147), it follows that A\/u =
5k/(2m), i.e., the Prandtl number is equal to Pr = 1 instead of the corrected
value of Pr = 2/3 (see Section 3.2.3).

Exercises

3.19 Obtain the inequality (3.142); from (3.138).
3.20 Show that the non-equilibrium distribution function is given by (3.145).
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3.5 Appendix

The solution of the associated Laguerre differential equation

2

d”y dy
— 1—x)—= = 14
T + (m+ x) T +ny =0, (3.148)

is given in terms of the associated Laguerre polynomials L™ (z).8

According to the reference of the footnote, the associated Laguerre poly-
nomials were called Sonine polynomials S,(,?') (x) in the older literature. The
Sonine polynomials constitute a set of orthogonal functions with respect to
the weight function e~®z™ in the interval 0 < x < o0, i.e.,

_ (n+m)!

T Onp. (3.149)

/ e 2™ S (2)SP) (1) dx
0

Furthermore, the Sonine polynomials are given by the formula

(n n + m k
S Z H Tk +m) (—x)". (3.150)

In kinetic theory of gases, it is common to use Sonine polynomials of order
n and index (I + 1/2) in the variable 3C? = mC?/2kT. In this case, (3.149)
and (3.150) are rewritten as

< n n—+1+3/2
/0 OIS 1 (BC) S| 1 (BCP)BHRAC = 5 AGas L . 2.,
(3.151)
(n) 2) I'(n+1+3/2) 24k
Si1/2(8C7) Z k!(n — k)T k+l+3/2)( AC), (8:152)

where I'(n) denotes the gamma function.
From (3.152), one can obtain the first three Sonine polynomials, which
read

S (A7) =145 5%, (3.153)

St /2(8C%) =

z+1/2

1,
52,007 = 2 (14 2) (1+3) - (l+§)ﬁ02+§ﬁ204. (3.154)

8 See e.g. http://mathworld.wolfram.com/LaguerrePolynomial. html






Chapter 4
Moment Methods

4.1 Grad’s Moment Method

4.1.1 Balance Equations

The macroscopic description of a rarefied gas within Grad’s moment method®
is based on thirteen scalar fields, namely, mass density o(x, t), hydrodynamic
velocity v;(x,t), pressure tensor p;;(x,t) and heat flux vector ¢;(x,t).

The balance equations for these fields are given by

% %9;’; —0, (4.1)
ag):z + 3(9%‘;;: Pij) P, (4.2)
ag;j + 8(pij'“8;rkpijvk) + Pri g + Dj gv = Py, (4.3)
% SRACE R () (q”é;rjqivj )4 ngkg + 45 g;}; o %ZZJ - %%gﬁ: = Qi(4.4)

The above first two equations represent the balance equations of mass density
(2.97) and moment density (2.98). The balance equation for the pressure ten-
sor (4.3) was obtained from (2.100) by taking N = 2. For the determination of
the balance equation for the heat flux vector (4.4) it was considered N = 3 in
(2.100), two indices were contracted and the resulting equation was divided by
2. Furthermore, the following definitions were introduced in (4.3) and (4.4):

Dijk = /mCZC’jCkfdc, Pij = /m (C;CJ/ — CZCJ) fflgbdbdff dcldc, (45)

V' H. Grad, “On the Kinetic Theory of Rarefied Gases”, Commun. Pure Appl.
Math., 2, 331-407 (1949).
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— m ~2 _[m 12 1 2
qij = / EC Cijfdc, Qz —/E (C Cl -C C,) fflgbdb de dCldC.(4.6)

The tensors p;;, and P;; represent the non-convective flux and the production
term of the pressure tensor, respectively, while the tensors ¢;; and @; refer
to analogous quantities for the heat flux vector.

By analyzing the system of partial differential equations (4.1)—(4.4) one
concludes that it cannot be considered a system of field equations for the basic
fields o, v4, p;; and ¢;. Indeed, in order to obtain a closed system of differential
equations, the non-convective fluxes p;;r, ¢;; and the production terms F;;,
@; must be expressed in terms of the basic fields. For this end—which will be
the aim of the next section—the distribution function must be expressed in
terms of the thirteen scalar fields of mass density o, hydrodynamic velocity
v;, pressure tensor p;; and heat flux vector g;.

Exercise

4.1 Determine the balance equations for the pressure tensor (4.3) and for the
heat flux vector (4.4).

4.1.2 Grad’s Distribution Function

According to Grad’s moment method the distribution function is expanded in
series of tensorial Hermite polynomials? H;, 4, iy (N =0,1,2,...) as follows:

1 1
f= f(O) <aH +a;H; + iainij + ...+ mahimuiNHilizmiN +.. ) ,

(4.7)
where a;,i,..ixy (N =0,1,2,...) are tensorial coefficients that depend on x
and t. The Maxwellian distribution function f(© is written as

3

FO — (27:ZT) T -mC?/(2kT) _ (kﬁT) : w(€). (4.8)

In the above equation w(£) is the weight function

__1 e - e
w(€) = @) e ) with & = kTCZ' (4.9)

(NI

The tensorial Hermite polynomials are defined on the basis of the weight
function, namely,

2 H. Grad, “Note on N-dimensional Hermite polynomials”, Commun. Pure Appl.
Math., 2, 325-330 (1949).



4.1 Grad’s Moment Method 111

(-1)N oNw

Hiiy. i = , 4.10
172 N (6) w 86118522 . aé-ZN ( )
and are orthogonal with respect to it, i.e.,

/w(g)HhizmiN (E)Hj1j2~--jM (£)d£ =0mMN Ai1j1izj2-..iNjN' (4'11)

In (4.11), dawv is Kronecker’s symbol and A, jisjs...injy TEPresents the sum
A jringa.ingn = Oirj10injs - - - Oinjn+ (all permutations of the j's indices).

The first four tensorial Hermite polynomials that can be obtained from
(4.10) read

H(E)
Hijk(€) =

As was previously commented, the basic fields of this theory are the following
thirteen scalar fields:

1, H; (&) = &, Hi;(§) = &&5 — dij, (4.12)
&€k — (&i0jk + &0k + Exdij)- (4.13)

0= /mfdc — mass density, (4.14)

ov; = / me; fdc — momentum density, (4.15)
m 2

T = — | mC* fdc — temperature, (4.16)

3ko
Pijy = /mC<iCj>fdc — pressure tensor deviator, (4.17)
m 2
g = EC C; fdc — heat flux vector. (4.18)

In terms of the tensorial Hermite polynomials, the above moments of the
distribution function can be written as

KT ? kT 2
g/m(ﬁ> FHAE, O/m(ﬁ> FHidE,  (4.19)

= 3%9 m (%) i f(Hy; + 3H)dE, (4.20)
k 3
i = /% (%) [ (Hij; +5H;) dg. (4.22)

3 Note that the trace of the pressure tensor is given by pr» = 3p = 3kTo/m, so
that one can use instead of the pressure, the temperature as a variable.
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The coefficients a;,;,.. i, that appear in the distribution function (4.7) are
determined from the definition of the moments of the distribution function.
For a thirteen-moment theory—described by the fields of mass density g,
hydrodynamic velocity v;, pressure tensor p;; and heat flux vector g;—the
distribution function (4.7) is written as?

f = f(o) (aH + aiHi + %az]Hm + %arriHssi> ) (423)
where a, a;, a;; and a,,; represent thirteen scalar coefficients to be deter-
mined.

The insertion of the distribution function (4.23) into the definitions of
the moments of the distribution function (4.19)-(4.22) and the subsequent
integration of the resulting equations using the orthogonality properties of
the tensorial Hermite polynomials (4.11) leads to a complete determination
of the thirteen scalar coefficients, namely

Dqig) 2q; |m
=1, i =0, rr:()a ij) = ’ rri — .
a Qa Qa a< 7) P a D T

(4.24)
On the basis of (4.12), (4.13) and (4.24) the distribution function of the
thirteen moments (4.23)—with § = m/2kT—Dbecomes

26°
0

5

f=f0 {1 + |:p(ij)CiCj + %%'Ci (ﬂCQ - 5)] } , (4.25)

which is known as Grad’s distribution function.

Exercises

4.2 Show that the first four tensorial Hermite polynomials are given by (4.12)
and (4.13).

4.3 Obtain the expressions for the thirteen scalar coefficients a,a;,a;; and
arri given in (4.24).

4.4 Consider that the distribution function has the following representation
=59 (a + a;C; + a;;C;C; + arMCQC’i) ,

where the thirteen coefficients a,a;, a;; and a,,; do not depend on the pe-
culiar velocity C;. Determine the scalar coefficients from the definitions

4 The term %aiijijk was decomposed according to

1

1 1
5 (arridjk + arrjdik + arridis) | Hije = Ea(ijk)Hijk + Earm’Hssi,

1
6 |2k T

and the part associated with the third-order tensor éa@jk)Hijk was not taken
into account.
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(4.14)—(4.18) and show that the resulting distribution function is Grad’s dis-
tribution function.

4.1.83 Grad’s Distribution from Entropy Maximization

Another way to determine Grad’s distribution function is through the max-
imization of the entropy density (2.144) subjected to thirteen constraints
which are the moments of the distribution functions (4.14)—(4.18).> This
method is an extension of the one used in statistical mechanics to deter-
mine the equilibrium distribution functions for classical and quantum gases,
where the entropy is maximized subjected to the constraints of fixed number
of the molecules, fixed volume and fixed energy of the system.

According to the variational calculus, the search for the extremum value of
the functional (2.144) subjected to the constraints (4.14)—(4.18) is equivalent
to look for the extremum value of the following non-constrained functional:

F:—k/(flnbf)dc—/l/mfdc—/li/mcifdc
N )\%/mcafdc*&ij)/mCiC’jfdcfAi/%C’QCifdc. (4.26)

The thirteen unknown quantities A, A;, A, A(;;y and A;, which do not depend
on the peculiar velocity C, are the Lagrange multipliers.

For the functional (4.26) the Euler-Lagrange equation reduces to 0F /0 f =
0, yielding

mC? C?
% + /\(ij) ClCJ + )\i7ci>} .

(4.27)
The above distribution function leads to a big problem, since the largest
power of the peculiar velocity is an odd function and its integration in the
range (—o0,400) diverges. However, for processes close to equilibrium the
distribution function must be represented by a Maxwellian distribution func-
tion plus a deviation, so that one may consider the Lagrange multipliers A;,
Ay and A; as small quantities. In this case one may use the approximation
exp(—x) &~ 1 — z which is valid for all x < 1, and get

f=exp {—lnb—l—%</1+/1ici+)\

m m2C? m

—% [AZC,- + Ay CiCy + %Aic%y] } (4.28)

5 M. N. Kogan, “On the principle of maximum entropy” in Rarefied Gas Dynamics,
Vol. I, pp. 359-368 (Academic Press, New York, 1967).
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One may infer that the above distribution function does not diverge in the
range (—o0, +00).

The Lagrange multipliers are determined from the definitions of the con-
straints (4.14)—(4.18). First, the substitution of the distribution function
(4.28) into the definition of the mass density (4.14) and the integration of
the resulting equation lead to

exp [— Inb—1-— %A} [1 — %Aivl} = % (3?;122&))2 . (4.29)

Next, using the relationship (4.29), the remaining constraints (4.15)—(4.18)
provide the following system of equations for the determination of the La-
grange multipliers:

5 (3k20 3k o
A2+1<m2>xzo, A=S= 2 (4.30)
2pg) (k) (Am2\’
Ay = — — 4.31
(ij) 0 m 3k29 ) ( )
7 (3k%0 8qi [ k\ [ Im?\°
A+ (2N = 2% (2 . 4.32
"1 (Am2> 50 <m> <3k29> (432
Indeed, from the system of equations (4.30)—(4.32) it follows that
_ma _3ke P om o 2mg
TR ) T 2mT T T oo kT2 YT U BR2TB o
(4.33)

Now, the insertion of (4.29) and (4.33) into the expression (4.28) leads to
Grad’s distribution function (4.25).

Exercise

4.5 Obtain (4.29)—(4.32).

4.1.4 Determination of the Non-convective Fluzxes,
Production Terms, Entropy Density and Entropy
Flux

The insertion of Grad’s distribution function (4.25) into the definitions (4.5)1
and (4.6); of the non-convective fluxes p;;; and ¢;;, and the subsequent in-
tegration of the resulting equations lead to

2 5p? p
Pijk = ¢ (gi0jk + q;0ik + qrdij) , qij = 2—Q5ij + 2—Qp<ij>- (4.34)
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For the determination of the production terms P;; and (); one changes the
integration variables (c,c;) — (g, G) using the relationships (3.35), so that
in these new variables equations (4.5)2 and (4.6)2 become

! :
Py = [ 5[5 6id; ~ 995) = Gi 6 ~ ) ~ G (4!~ 9| Frgbabde dgdG:
(4.35)

Y N P S o - B
Q=[5 500 ot~ 0.0 — 5 (G4 122) (6L~ 90 - GiGo 4!~ 31)
xffigbdbde dgdG.  (4.36)

Furthermore, in terms of the new variables the product of Grad’s distribution
functions—which follows from (4.25)—is written as

3 2
2 2 4 ].
ffi=n? (g) ef(2ﬂG +59%) {1 + %p%l) [GkGl + nggl:|

2
+%qj[ (6G2 592§> +5gjakgk}}. (4.37)

In the above equation, the non-linear terms in the pressure deviator p;; and
heat flux vector ¢; were not taken into account, since only a linearized theory
will be analyzed in this section.

The determination of the production terms F;; and Q); proceeds as follows.
First, one inserts the product of the distributlon functions (4.37) into equa-
tions (4.35) and (4.36). Next, using the relationships (4.114) and (4.116) of
the appendix to this chapter, one can integrate the resulting equations with
respect to the azimuthal angle ¢, yielding

2 3 2
1
Pij:zg— b / 1+£sz> GrGp + 79k91
dm\«

xe~(2P6°539%) sin? \ (¢%6,; — 3gig;) g bdbdg dG, (4.38)

2 3 2
_mo (P 8p 2, B 2 5 ,
@ =52 (2) [Lw e (562 + a2 §) + suscuan
e~ (286°+29%) gin? xG (92617« — 3gigr) gbdbdg dG. (4.39)

In the above equations, it was not considered the odd integrals in g and G,
because they vanish identically.

The subsequent integration of the last two equations in G and in the
spherical angles of g leads to



116 4 Moment Methods

Pi‘:_p<ij>7 Q2:_2q2
Tr 37

(4.40)

Above, 7, denotes the relaxation time of the pressure deviator, which is given

by
5 m 1
AL 4.41
"= Ton\ 7ET G2 (4.41)

where 2(2:2) is the collision integral defined by (3.40).
The calculation of the production terms including non-linear terms is a
hard task, which leads to

_ Dgj) 1 @3 7 1
P =- - - o, <9(2,2) ) PlryP(rgy — §p(rs)p<rs)5ij
0 9(2,4) 9(2,3) 63
+ 25p27, (9(2,2) - 99(2,2) + 7 ) 1a%) (4.42)
2q; 1 /03 7
Qi - _37',« - % (m - 5 p<ij>qj. (4.43)

It is interesting to note that the above equations for the production terms in
a non-linear theory reduce to the linear expressions (4.40) for the case of a
Maxwellian potential. Indeed, as it will be shown in Section 4.2, the expres-
sions for the production terms (4.40) are exact for Maxwellian potentials.

In Section 2.7 the entropy density os and the entropy flux ¢; were defined
in terms of the distribution function as

0s = /(fkf Inbf)de, pi = /(—kf Inbf)Cidc. (4.44)

One can calculate these two quantities as a function of the thirteen scalar
fields of mass density, momentum density, temperature, pressure deviator
and heat flux vector using Grad’s distribution function. Indeed, the insertion
of Grad’s distribution function (4.25) into (4.44) and the integration of the
resulting equations lead to

T 3 m
—kn|ln—+2-In(b,/—o
or =t 4§ - (o)

_ % 2

Pi T 5p—Tp(ij)qj'

! 0 (4.45)
4pr(rs)p(rs) 5p2T qrdQr, .

(4.46)

In the above equations, the approximation In(1 + z) ~ = — 2%/2 was em-
ployed, which is valid for all |z| < 1 and considered up to quadratic terms in
the pressure deviator and heat flux vector. The first term on the right-hand
side of (4.45) is the equilibrium value of the entropy density for a monatomic
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ideal gas, while the last two terms are non-linear contributions related to
the pressure deviator and heat flux vector. From (4.46) one infers that the
entropy flux is equal to the heat flux vector divided by the temperature plus
a non-linear term proportional to the product of the pressure deviator and
heat flux vector. In a linear theory this equation reduces to p; = ¢; /T, which
is one of the premises of the thermodynamic theory of irreversible processes
(see Section 3.1).

Exercises

4.6 Determine the constitutive equations for the non-convective fluxes (4.34).
4.7 Obtain the final expressions (4.40) for the production terms.

4.8 Show that the relaxation time of the pressure deviator (4.41), for the
hard-sphere potential where 2(2:2) = d?, is related with the mean free time
7 (equation (1.2)) by 7. = 57/4. [Note that g = 4\/kT/(7m).]

4.9 Show that the production terms (4.42) and (4.43) reduce to (4.40) for a
gas of Maxwellian molecules. Hint, calculate the collision integrals £2(2") for
r =2, 3,4 using (3.40).

4.10 Determine the expressions for the entropy density (4.45) and for the
entropy flux (4.46).

4.1.5 Field Equations

Once the constitutive equations for the non-convective fluxes and production
terms are known functions of the basic fields, a system of thirteen scalar
field equations can be obtained. This system is composed by the equations
of the five scalar fields of mass density, momentum density and temperature
which follows from (4.1), (4.2) and the trace of equation (4.3), respectively,
ie.,

a’l)i

D =0 4.47
ot oy =0, (4.47)
p | Opuy
Du; + —— + =) — o 4.4
i+ 5t o, 0 (4.48)
3 aqi (97)1 87)2'

nkDT b pun—t =0, 4.49
271 + 8.2?1 +p6mi +p(j>8l‘j ( )
together with the equations for the eight scalar fields which represent the
pressure deviator and the heat flux vector. The eight scalar equations are
obtained from the traceless part (4.3) and (4.4) through the insertion of
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the constitutive equations of the non-convective fluxes (4.34) and production
terms (4.42) and (4.43), resulting

5 Oy, 4 8q<i 8%- a’U(i 2 8’U<r
Dpaijy + 2Pas 5 + ¢ DB+ D)) 5 — 2Pk A0
P 3P0 gz T 5w, TP By TP By T 3P0 gy 00
8’0[j 81)[1 81}@ p<”> 0 9(274) 9(273)
g . 2 — —9
44RM>8xM‘+IRm>3xM‘+ P o) . 25p2n \ @2 T TR
63 1 /(@3 7 1
+Z) q(iq5) — % (m - 5) <p(ir>p(rj) - §p(7"s>p(rs)5ij> , (4.50)

Ovy, Ps _ Pij) Opiiry p 70T 1 0p
ij —— | Q3. T Puk)\ 5o a. T ~o.
0 0 Oxy, 0 2T Oz, p Oxy
9 OJv; ov; 5k OT 2 1 (9(2,3) 7

: | ORI 2 L (LY g (451
5% O 4 dx; 2 mpaxi 3. 5pr \ 222 2> Piis 95 )

In a five-field theory described by the fields of mass density, momentum
density and temperature, the balance equations are given by (4.47)—(4.49),
but the pressure deviator and the heat flux vector are no longer variables,
just constitutive quantities. One may use the remaining eight equations (4.50)
and (4.51) to obtain the constitutive equations for the pressure deviator and
for the heat flux vector. Indeed, by neglecting all non-linear terms on the
right-hand sides of both equations and by considering only the equilibrium
values of the pressure deviator p(;;y = 0 and of the heat flux vector ¢; = 0
on the left-hand sides of (4.50) and (4.51), only the underlined terms remain,
yielding

iy =—2 ; h =prr = —\| — ===, 4.52

P(ij) /‘&Tﬁ Where e ="p1r =36\ Tr 0D (4.52)
oT 15k 75k /mkT 1

q = 7)\8371" where \ = e <Ly PR (4.53)

Above, it was used the expression (4.41) for the relaxation time of the pres-
sure deviator. Equations (4.52) and (4.53) represent the laws of Navier—Stokes
and Fourier, respectively, where the coeflicients of shear vicosity and ther-
mal conductivity have the same expressions as those found by applying the
Chapman—Enskog method (see (3.50)).

Exercise

4.11 Obtain (4.50) and (4.51).
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4.2 The Method of Maxwell and Ikenberry—Truesdell

4.2.1 Calculation of the Production Terms

The method that will be analyzed in this section is restricted to molecules
which interact according to the Maxwellian potential. It was proposed by
Maxwell® and developed by Ikenberry and Truesdell”, and its advantage is
that it is not necessary to develop the distribution function in polynomials
of the peculiar velocity.

Here, only a sketch of the method is presented, and the main objective
of this section is to obtain Navier—Stokes and Fourier laws from a method
known in the literature as Maxwellian iteration.

The starting point are the thirteen moment equations (4.1)—(4.4) for the
fields of mass density, momentum density, pressure deviator and heat flux
vector.

The determination of the production terms for the pressure deviator (4.5)s
and for the heat flux vector (4.6)s proceeds as follows. First, for Maxwellian
molecules, where v = 5, one can get from (1.101) that

2
gbdb =4/ —Hsodso, (4.54)
m

by writing the reduced mass as u = m/2. Next, by using the relationships
1
Cl+C;=C+0Cl, g =C/~-C/ and C|= 3 (Ci+Cl —gl), (4.55)
one can write the production term of the pressure tensor (4.5)y as

m /2K
Py = Z,/H/{(Ci-i-(jil)(cj +C}) —gi(Cj + Cf)

95(Ci+ CH + gig — 4C¢C»] f fis0dso de dcyde

2
:m”,/ “/ (Ci + CH(Cj + CF) — 2(C} = C)(Cj + C}) cos x
—201 C;)(C; 4 CH) cos x + (C? — 2C,CF + CF) sin? xdy;

+ (3 COS X — ].)(Cll — CZ)(C; — Cj) — SClCJ ff180 dS() dCldC. (456)

6 J. C. Maxwell, “On the Dynamical Theory of Gases”, Phil. Trans. R. Soc. Lon-
don, 157, 49-68 (1867).

7 E. Ikenberry & C. Truesdell, “On the Pressures and the Flux of Energy in a Gas
According to Maxwell’s Kinetic Theory, 1.”, J. Rational Mech. Anal., 5, 1-54
(1956).
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The last equality was obtained by integrating over the azimuthal angle € using
the formulas (4.114) and (4.116) of the appendix to this chapter. Finally, the
integration of (4.56) over all values of the velocities ¢ and ¢ leads to

2 2
P;; npm \/ K/ (1—cos? x)sq dsg = ——m/ KA2(5)p<Z]> (4.57)

by taking into account the definitions of the moments of the distribution func-
tion (4.14)—(4.18). Above, A;(v) represents the integral defined by (1.116).
Note that (4.40); reduces to (4.57) for the case of Maxwellian molecules, since
according to (3.56) the collision integral reads

15 [ km
22 = = 6\ /ﬁAg(s). (4.58)

The integration of the production term (4.6)2 for the heat flux vector proceeds
in the same manner, yielding

Qi = —Wn\/inzz‘h@)qi- (4.59)

It is important to call attention to the fact that the results for the pro-
duction terms (4.57) and (4.59) are exact, since none approximation to the
distribution function was done, whereas those given in (4.40) were obtained
by approximating the distribution function in polynomials of the peculiar
velocity.

Exercise

4.12 Obtain the expressions (4.57) and (4.59) for the the pressure tensor and
heat flux vector production terms.

4.2.2 The Maxwellian Iteration

The substitution of the production terms (4.57) and (4.59) into the balance
equations for the traceless part of the pressure tensor (4.3) and for the heat
flux vector (4.4) leads to

Oug | Opijk 2 Ogk Ov; Ov; 2  Ovur
Dpiijy + b ik 2 St rig L+ Py — =Pk b
P(ig) + Plig) 833 + o0x 30x; + P Tk +pk]8xk 3pk oxy

3 2K
= =5 —A2(5)pgs), (4.60)
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Ov;  0Oqij
Dqi + qi5— L+ Pijk -—
G+ Or;  Ox;j +pjk8xk Oz; o Ox; 2 p Oz

= —WN\/%A2(5)QZ'. (4.61)

Hence, the above equations together with (4.47)—(4.49) become a system of
thirteen field equations for the fields of mass density, hydrodynamic velocity,
temperature, pressure deviator and heat flux vector, once the constitutive
equations for the non-convective terms p;;r and ¢;; are known functions of
the formers.

By following the same methodology of Section 4.1.4 one may consider a
five-field theory described by the balance equations (4.47)—(4.49) for the mass
density, hydrodynamic velocity and temperature, respectively, and determine
the constitutive equations for the pressure deviator and heat flux vector from
the remaining eight equations (4.60) and (4.61).

The method used here to obtain the constitutive equations is known in the
literature as Maxwellian iteration. In this method, the equilibrium values of
the moments of the distribution function—calculated using the Maxwellian
distribution function—are inserted into the left-hand sides of (4.60) and
(4.61) and it follows from their right-hand sides the first iteration values
for the pressure deviator and for the heat flux vector.

The equilibrium values of the moments of the distribution function read

0v; +q 0v;  Dri Opr; 1P Opij

py = /mCiij(o)dC =pdij, P = /mCiCjCkf(O)dC =0, (4.62)
2

so that the first iteration values obtained from (4.60) and (4.61) through the
use of the Maxwellian iteration method become

W _ o, O W _ 9T

= — : . 4.64
p(”) 'ual‘j)’ i 81‘1 ( 6 )

The above equations are Navier—Stokes and Fourier laws, respectively, where
the coefficients of shear viscosity and thermal conductivity are given by

_2 Mmooy 5 KT fm
P 5r i)\ 2n T 2rmAy(5) \ 2w

(4.65)

These expressions for the transport coeflicients were previously determined
in Section 3.2.3 (see (3.59)).

For the determination of the second iterated values for the pressure devi-
ator p(;;y and heat flux vector ¢;—known in the literature as Burnett equa-
tions—it is necessary to know the first iterated values of the moments of
the distribution function, p;;x and ¢;;. They follow by using the Maxwellian
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iteration method for the balance equations of p;;; and g;; and one is referred
to the work by Ikenberry and Truesdell to a complete determination of the
second iterated values for the pressure deviator and for the heat flux vector.
By considering only linear terms in the gradients, the Burnett equations read

) 8“(2’ HQ 32T u2 629

PO ny g ony 0 Gy o
@ _ 0T 15p2 0 (Ove  p2 0 (Ovy 4
@ = Aaxi 4 o Ox; \ Oz +3 0 Ox; \ Oy ’ (4.67)

Hence, in a linearized theory the second iterated value for the pressure devi-
ator depends on the second gradients of the mass density and temperature,
while the one for the heat flux vector depends on the second gradients of
the hydrodynamical velocity. According to (4.52)2 and (4.53)2, the transport
coefficients of shear viscosity and thermal conductivity are proportional to
relaxation time of the pressure deviator, which in turn is of the order of the
mean free time. In this sense the contributions to the pressure deviator and
the heat flux vector due to the second gradients are smaller than those related
to the first gradients, since the coefficients of the second gradient terms are
proportional to the square of the relaxation time of the pressure deviator.

Exercises

4.13 Obtain the expressions for the moments of the distribution function
(4.62) and (4.63).

4.14 Obtain the linearized Burnett equations (4.66) and (4.67) by using
the Maxwellian iteration method and by considering the first iterated values
(4.64) together with

2 5p* p
pgjl])c =% (qgl)(sjk + C]J(-l)ﬁik + q,(cl)dij) , qQ) = _Q(gij + Q_ng%

4.3 The Chapman—Enskog—Grad Combined Method

In this section a method to obtain the constitutive equations for the pressure
deviator and for the heat flux vector is developed by combining the features
of Chapman—FEnskog and Grad’s methods. In this method neither a solution
of the integral equation is needed—as in the Chapman-Enskog method—nor
the field equations for the moments of the distribution function are used—as
in Grad’s method.®

8 A. G. Bezerra Jr.; S. Reinecke & G. M. Kremer, “A Combined Chapman-Enskog
and Grad Method. I. Monatomic Gases and Mixtures”, Continuum Mech. Ther-
modyn., 6, 149-160 (1994).
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The starting point in this method is to observe that the deviation of the
Maxwellian distribution function in the Chapman—Enskog method ¢, which
is a unknown quantity, can be written in terms of known quantities. These
known quantities can be chosen as the thirteen scalar fields of mass density,
hydrodynamic velocity, temperature, pressure deviator and heat flux vector
which appear in Grad’s distribution function (4.25), i.e

2

o= % p<ij>ci0j + équi (ﬂCQ - §):| . (4.68)
0 5 2

In the Chapman—Enskog—-Grad combined method one inserts the represen-

tation (4.68) into the non-homogeneous integral equation of the Chapman—

Enskog method (3.28), so that it becomes an equation for the determination

of the pressure deviator p(;;) and of the heat flux vector g;. This equation

reads

a 2
£ { (ﬁC’2 — —) Cy gT + 28CLC—— B2, } = ﬁp xty Z[CrCl]
) 4

+5£2ku K@c2 _ _> ck} o (469)

Above, T denotes the integral (3.22).
For the determination of the pressure deviator, one multiplies (4.69) by
C(;C;y and integrates the resulting equation over all values of ¢, yielding

du, 282
o P I :ﬁp w0 /c 7(C,C)]de. (4.70)

m Oz j

In order to solve the above equation for the pressure deviator piy, let Ijju
denote the integral

Liji = /CiCjI[CkCl]dC. (4.71)
The representation of I;;z; in terms of Kronecker’s symbol is
Lijri = A10i50k1 + A2(dir051 + 6a0j1), (4.72)

since it is symmetric in the indexes (7, j) and (k,1). Above, A; and As are
two scalar coefficients which can be determined from the following system of
equations obtained by contracting the integral I;;; in two different manners,
namely,

Lovss = 9A1 + 64y, gy = 3A; + 124, (4.73)

Hence, one can write the expressions

2Irrss - Irsrs
—_— 4

3Irsrs - Irrss
15 ——— (0 + 0udsk), (4.74)

30

Lijiu = 10kt +
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Now using the relationship (4.75), (4.70) can be rewritten as

p Ov 252 / 232
= —punl 4.
maxj ” C ]dC 59 p<”> 2, ( 76)

where I5 is the integral defined by (3.43) and whose value is given by (3.45).
Hence, it follows from (4.76) Navier—Stokes’ law

Ov mkT 1
Pjy = 2”3%(; where k=16 \/ e (4.77)

is the coefficient of shear viscosity.

The determination of the heat flux vector follows the same methodology.
Indeed, the multiplication of (4.69) by C2C; and the integration of the re-
sulting equation over all values of ¢ yield

2
5kp OT _ 8/8 /0201 5027 2) ¢, | de
m?2 Ox;
862

— _qZ/CQC T Kﬁcz - —> Ck} de = ?6 gl (4.78)

In the above equation, the following relationship was used:

) I
Iy, = /02011 [(ﬁCQ — 5) Ck} dc = ?m (4.79)
Moreover, in the last equality of (4.78), I is the integral (3.33) which is
expressed by (3.39). Fourier’s law follows from (4.78), namely,

or ™k mkET 1
axi, where A= 6—4E Tm, (480)

g =—A

is the coefficient of thermal conductivity.

Exercises

4.15 Obtain (4.70) from (4.69).
4.16 Determine the representations (4.74) and (4.75).
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4.4 Non-inertial Reference Frames

4.4.1 Objective Tensors

An orthogonal matrix Q preserves the scalar product of two vectors u and
v, i.e,

Qu-Qv=u-v or Qiju; Qik Uk = wiv; = §RU; V. (4.81)

From the above equation it follows that Q;;Qir = J;i, or by introducing the
unity matrix 1, QT Q = QQ” = 1. Hence, its transpose is equal to its inverse
T=Q ! and detQ = £1.

X

X

Fig. 4.1 Transformation of two frames of Cartesian coordinates x; and x;

An Euclidean transformation from a Cartesian frame of coordinates x; to
a Cartesian frame of coordinates x;—represented in Figure 4.1—is defined

by
xr; = Olj(t)l‘; + bl(t) = 37; = Oij (t) [Il - bl(t)] . (482)

In the above equation, O;;(t) is an orthogonal matrix that depends on time
and determines the directions of the x frame with respect to the x* frame.
The vector b;(t), which is also time dependent, represents the position of the
x frame origin to the corresponding one in the x* frame. The time transfor-
mation is simply ¢t = t* 4+ «, where « is a constant.

A Galilean transformation is a particular case of the Euclidean trans-
formation, where the orthogonal matrix O;; does not depend on time and

bi(t) = —V;t with V; being a constant translational velocity of the x frame
with respect to the x* frame, i.e., z; = O;;x] — Vit.

An objective tensor T of rank N is defined as a quantity whose components

T* in one coordinate frame transform into a quantity with components

Zliz...iN
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Ti,i,..in relative to another coordinate frame under an Euclidean transfor-
mation according to
Ti1i2---iN = (det O)p0i1j1 Oizjz s OiNjNT;ljz...jN7 (4'83)

where O denotes the orthogonal matrix of the Euclidean transformation. If
p = 0, T is called an absolute objective tensor and if p = 1 as an axial
objective tensor. From now on, the adjectives absolute and axial will be
dropped. Objective tensors of rank zero are called scalars, of rank one vectors
and of second rank simply tensors.

The fields of mass density ¢ and temperature T" are objective scalars, while
the heat flux vector ¢; and the pressure tensor p;; are objective vector and
tensor, respectively. Hence, their transformations read

0=0", T=T", ¢ = 0i54; pij = O Ojipy;- (4.84)

The velocity is not an objective vector, since the time derivative of (4.82);
leads to

Vi = Oijv;f + Oijx; + i)i, or v; = Oijv; + Wik (Qﬁk — bk> =+ i)z’, (485)

using (4.82)2. The matrix Wy, = Oijij is an anti-symmetric matrix and
represents the angular velocity matrix of the x frame with respect to the x*
frame. If w denotes the axial vector associated with the matrix of angular
velocity, i.e., W;; = e, ws, (4.85) may be rewritten as

v—Ov*=wx (x—b)+b. (4.86)

The two terms on the right-hand side of the above equation represent, re-
spectively, the rotational and the translational velocities of the x frame with
respect to the x* frame.
If vi and vo denote two velocity vectors, their difference is an objective
vector, i.e.,
vy —vg = O(v] —v3). (4.87)

Furthermore, it is easy to prove from (4.85) that the Jacobian of the trans-
formation of the velocities is given by

8(7)1, V2, ’1}3)

J =
(v, v3,v3)

= detO = +1, (4.88)

so that the transformation of the volume elements in the velocity space is
dv = |J|dv* = dv*.
The temperature gradient is an objective vector, because

oT _ OT Ox; oT

e Sk R Yy 4.
ox; 83:;? ox; Oy 8%‘; (4.89)
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However, the gradient of velocity is not an objective tensor, since from (4.85)
one can obtain

ov; ovy;

81,‘] _Ozka +Ozka i

Ouj, _ omoﬂ‘9 Wy (4.90)

By taking the symmetric and the antisymmetric parts of the above equation,
yields

(9’0(2‘ 8’0&: 81;[ [“)v*
= % j ’ _Ol O
oxy 7 oa, oz M oy

+ Wi]‘, (491)

respectively. Hence, the symmetric part of the gradient of velocity is an ob-
jective tensor whereas its antisymmetric part is not.

The acceleration is not an objective vector, since the time derivative of
(4.85)1 leads to

= Oyja; + 20,07 i+ O”J: + b (4.92)

The elimination of 2} and v} from the above equation by using (4.82)2 and

(4.85)2, yields (see exercise 4.18)
a; — Ojja; = 2Wij(vj — b;) — Wi (2 — bj) + Wij(z; —bj) +b;,  (4.93)
or by introducing the angular velocity vector it may be written as
a—0a*=2wx (v—b)—wx[wx (x—b)]+w x (x—b)+b (4.94)

One can identify on the right-hand side of the above equation the following
terms:

2w x (v —b) — Coriolis acceleration,

—w X [w X (x —b)] - centrifugal acceleration, (4.95)

W X (x —b) — Euler acceleration,

b — acceleration of relative translation.
Exercises

4.17 Show that the matrix W;; is anti-symmetric. Hint: take the time deriva-
tive of QTQ = QQT = 1.
4.18 Show that O”ij = Wz'r‘Wk'r

4.19 Obtain the transformatlons of the velocity and acceleration under a
Galilean transformation. If V; = Oij‘/}* defines a Galilean vector under a
Galilean transformation, show that the acceleration is a Galilean vector but
the velocity is not.
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4.4.2 The Boltzmann Equation in Non-inertial
Reference Frames

The Boltzmann equation (2.20) for monatomic gases in an inertial reference
frame reads
of* of* of*

* _ Pkoplx px px\ KTk Lk 7k ok
el +F8*_/(1f i) gbdbdede;. (4.96)

In the above equation, the stars denote the coordinates of a molecule in an
inertial reference frame (x*,c*,¢*). The coordinates of a molecule in a non-
inertial reference frame, denoted by (x, ¢, t), are related with the coordinates
of the inertial one by the transformations

XT; = Oij (t)x;( + bi(t), C; = Ol] 3 + Oul‘ + bz, t=1t"+a. (497)

The distribution function is considered as an objective scalar under an Eu-
clidean transformation, i.e., f* = f(x*,c*,t*) = f(x,c,t).

The right-hand side of the Boltzmann equation has the same form in in-
ertial and non-inertial reference frames, e.g.,

/( U = ff)g b db" de" e = /(f{f' — fif)gbdbdedey,  (4.98)

because b and e are objective scalars, dcj = dc; and ¢ = |c; — ¢| =
0(ci — e = |ef — ¢ = g".

For the transformation of the left-hand side of the Boltzmann equation,
the use of the chain rule implies

of* _of  of . of

It at + — oz, (Oz;xj -I-bi) + a_g (O” ¢ —1—0” T+ ) , (4.99)

i e R A e (4.100)
J ; i

The Boltzmann equation in a non-inertial reference frame follows from (4.96),
(4.98)—(4.100), yielding

of  of ~
o Vg T {Fz +2Wij(ej — by) — Wi — b)
of

+Wij(wj = bj) + bz} e

:/(f{f/_flf)gbddedCL (4.101)

Above, it was assumed that the external body force is an objective vector,
i.e., Fl = Oi]‘FJﬁk.
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By using the same procedure as that employed in Section 2.3, one can

obtain the transfer equation for an arbitrary function ¥ (x,c,t) in a non-
inertial reference frame, namely,

) 9 oy A
o [ wrde+ ami/wcifdc—/{amami + o

+ ZWij(Cj — bj) — WiZj (a:j — bj) + Wij(a:j — bj) + bz

F;

}fdc

= [wlsis =~ fpgbd e derde. (4.102)

Now from the transfer equation (4.102) it follows the balance equations for
the mass density, momentum density, pressure tensor and heat flux vector in
a non-inertial reference frame:

8’()1‘

Do+ 05— =0, (4.103)
Do, iy _ Fot OWoi(vs — b)) — W2 (25 — b
oDvi + O = o Fi + 2Wi;(v; — bi) — Wi (2 — by)
J
+ Wij(xj = bj) + b}, (4.104)
8vk apijk 8’01 8vj
Dpii + pijat o — L
Pij Tt jaxk + &Tk Phj 8mk Pk &rk
= 2Wikpjk — 2Wikpix = Pij, (4.105)
Dy + q 2% 4 Q4 _ Py s pre Opiy O
M 0x; 0 Oxy o Oxp 20 Ox; " O
ov;
+ ij —2Wijq; = Qs, (4.106)
J

by choosing ¢ equal to m, mc;, mC;C; and mC?C; /2, respectively. In the
above equations, the material time derivative D = 0/0t 4 v;0/dz; was intro-
duced.

Exercises

4.20 Obtain (4.99) and (4.100).

4.21 Show that 0[Wj;(c; —b;)]/0c; = 0 and obtain the transfer equation
(4.102).

4.22 Obtain the balance equations in a non-inertial reference frame (4.103)-
(4.106).
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4.4.3 Frame Dependence of the Heat Flux Vector

One of the main principles of continuum mechanics is the so-called principle
of material frame indifference which states that the constitutive equations for
objective constitutive quantities must be the same in all frames of references,
i.e., they must be the same in inertial as well as in non-inertial frames of
reference.

The validity of this principle was questioned by Miiller? who showed—
from a kinetic theory of gases—that the stress deviator and the heat flux
vector depend on the frame of reference.

Here, only the frame dependence of the heat flux vector will be analyzed
by following the arguments of Miiller. Consider a gas enclosed by two infinite
concentric cylinders which are rotating with the same angular velocity w, the
outer cylinder at a temperature which is larger than the temperature of the
inner one (see Figure 4.2). It is assumed that the material time derivative of
the temperature vanishes DT = 0 and that the gas performs a rigid rotation,
ie.,

31)(1- -0 8’[}[1

v = (525, hence Iz, , 9z, = (245, (4.107)
were (2;; = —{2;; is an antisymmetric matrix.

(w=0) (w=0)
T-aT? Yt
ef T e [0
T é\ - o é\ T

dr

Fig. 4.2 Gas enclosed by two infinite concentric rotating cylindes.

In order to determine the constitutive equation for the heat flux vector
one proceeds as follows. First, the balance equation for the heat flux vector
(4.106) is written as

9 1. Miiller, “On the frame dependence of stress and heat flux”, Arch. Rational
Mech. Anal. 45, 241-250 (1972).
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Ov; p Pis) \ OPGiky P 70T 1dp
in+2qi67;+(§5ij—7] o TP\ 5T Ber  p e

gt — (2Wi — =L ) g+ 2~ = - —q, 4.108
+ 5% 0z 5 ( 7 0z %+ 2 mpaxi 3 Trq ( )

by considering the constitutive equations for p;;k, ¢;; and @; given by (4.34)
and (4.40)2. Next, a method akin to the Maxwellian iteration procedure de-
scribed in Section 4.2.2 is used. From the first iteration one obtains Fourier’s
law (4.64)2, while from the second iteration it follows

or

2
6\ = =\ [6;j + 37 (Wiy — 2i5)] pr

(4.109)

by using (4.107) and the result from exercise 4.23 (note that the first iterated
value of the pressure deviator is given by pgl% =0).

Now by considering cylindrical coordinates (r,6,z) and T = T(r), one
can rewrite the heat flux vector (4.109)—without the index relative to the
iteration—in terms of the components as

gr = f)\(fi—,‘:, qo = =37y (W — w) Ccll_zj (4.110)
Above, it was introduced the axial vectors wy, and wy, defined by §2;; = eixjwi
and W;; = e;,wy, respectively.

The interpretation of the above result is the following. First, consider that
the cylinders are at rest—so that the system of reference is an inertial one—
and fix the attention into a small area element of dimensions of a mean free
path (see Figure 4.2). One verifies the existence of a radial heat flux due to
the energy transfer from the molecules situated above and below the section
rr’. If the cylinders are rotating, there exists a tangential heat flux which
results from the energy transfer in the section 86’ as a consequence of a 66’
Coriolis acceleration acting on the molecules of the gas.

The ratio of the tangential and radial components of the heat flux vector
reads
B _ 37, (w—w). (4.111)

qr
One infers from the above equation that the tangential component of the
heat flux vector is very small to be detected experimentally, since 7 is of the
order of 10719 s (see exercise 4.8 and Table 1.1) while the angular velocity of
an ultracentrifuge is of the order of 10% rpm.

Exercises

4.23 Show that the following equality holds
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o (9T _9DT _ 9v; 0T
afEi o 8501 3£ZIZ 8I’j '

4.24 Obtain the expressions for the heat flux vector (4.109) and (4.110).

4.5 Appendix

Without loss of generality one can orient the relative velocity g in the di-
rection of the xz-axis and write g’ in spherical coordinates (g, x,e) where x
denotes the scattering angle and ¢ the azimuthal angle, i.e.,

sin x cose

0
(g)=9g|0], (g') =g | sinxsine |. (4.112)
1 cos Y

The integration of the relative velocity g’ with respect to the azimuthal angle
€ yields

27 sin y cos e 0
/ g | sinxsine | de =2mcosxg| 0 |]. (4.113)
0 Cos X 1

Now, by adopting the Cartesian notation, one can write the above equality
as

2
/ gide = 2 cos X g;. (4.114)
0

Following the same methodology, the integration with respect to the az-
imuthal angle ¢ of the matrix elements g;g} implies

2 sin? y cos? e sin? y cose sine  siny cosy cose
/ g? | sin® x cose sine sin? y sin?e siny cosx sine | de
0 sin y cosy cose siny cosy sine cos? y
msin? x 0 0
=g° 0 msin? x 0
0 0 27 cos? x
1 0 0 0 0 O
=nsin®xg? [0 1 0] +7Bcos’x—1)g>| 0 0 0]. (4.115)
0 0 1 0 0 1

Hence, by adopting the Cartesian notation for the above expression, one
obtains

27
/ gigde = msin® xg°0s; + m(3 cos® x — 1)gig;. (4.116)
0



Chapter 5
Polyatomic Gases

5.1 Some Properties of Polyatomic Gases

The molecules of polyatomic gases have internal variables that are associated
with their internal energy states, namely: (a) the rotational state, (b) the
vibrational state, (c) the electronic state and (d) the nuclei state.

Monatomic and polyatomic gases differ from each other concerning the
behaviors of the specific heat at constant volume ¢, and the ratio of the coef-
ficients of thermal conductivity and shear viscosity A/u. These two differences
will be explained below.

At sufficiently high temperatures, the monatomic gases are treated as clas-
sical gases, and the specific heat at constant volume is practically a constant
and given by ¢, = 3k/2m. However, for polyatomic gases, the specific heat
at constant volume is a function of the temperature.

In order to analyze the specific heat of diatomic gases, a schematic repre-
sentation of ¢, as function of 7" is shown in Figure 5.1. At low temperatures,
where quantum effects are neglected, the specific heat of a diatomic gas is
equal to the one of a monatomic gas, i.e., ¢, = 3k/2m and one says that
the rotational and vibrational energies are still frozen. By increasing the
temperature, the rotational modes are excited and the specific heat grows
up to ¢, = 5k/2m where the rotational modes are completely excited. In
the plateau corresponding to ¢, = 5k/2m, the energy equipartition princi-
ple holds by considering three translational and two rotational degrees of
freedom. The subsequent increase of the temperature excites the vibrational
modes and the specific heat grows up to ¢, = 7k/2m. The energy equipar-
tition principle holds also in the plateau ¢, = 7Tk/2m where the vibrational
modes are completely excited which corresponds to three translational, two
rotational and two vibrational degrees of freedom.

The relationship A/ for monatomic gases is a constant since it is given
by

A 15 5 1
A_k _» 1
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Fig. 5.1 Schematic representation of ¢, versus T for Ha.

due to (3.51). Above, ¢I' = (9T /T), is the specific heat at a constant vol-
ume corresponding to the specific translational internal energy e7 = 3kT'/2m.

For polyatomic gases, the ratio A/ is a function of the temperature, and
several formulas for this ratio were proposed in the literature.! The first
proposal is due to Eucken who in 1913 wrote the thermal conductivity as a
sum of two parts, namely,

A= p(frel + ficl) . (5.2)

The first term on the right-hand side of the above equation considers the trans-
port of the translational energy, while the second one consider the transport
of the energy of the internal variable. The specific heat at constant volume
cl = (0! /OT), refers to the specific energy of the internal variable e?. Further-
more, Eucken choose the values fr = 5/2 and fr = 1, such that (5.2) becomes

A 50 7 15k 7

— c, +c, = +c

. 5.3
1 9V 4 m v ( )

The above equation can be rewritten as
A 9
= = (= +1), 5.4
fo=2= (55 +1) (5.4)
where fg is known as Eucken’s number. Moreover, f; is the total number of

the degrees of freedom of the molecule and

ik
v 2’

cw=cl +e (5.5)

is the total specific heat at constant volume.

! See e.g., Poling B.E., Prausnitz J.M. & O’Connell J.P.: The Properties of Gases
and Liquids (McGraw-Hill, New York, 2000).
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Eucken’s number (5.5) depends only on the counting of the degrees of free-
dom of the molecules and is independent of the temperature. Hence, it has
the same shortcomings as the models which are based on the energy equipar-
tition principle, such as the evaluation of the specific heats of polyatomic
gases.

Exercise

5.1 Experimental values of Eucken’s number fg at temperature of 300 K
for nitrogen and methane gases are 1.95 and 1.81, respectively. Calculate the
theoretical values of Eucken’s number by assuming that fg = 5 for nitrogen
molecules and f; = 6 for methane molecules and compare the results with
the experimental values.

5.2 Semi-classical Model

The model which will be analyzed in this section was proposed independently
by Wang Chang and Uhlenbeck and by de Boer in the middle of the last cen-
tury and a joint paper? was published in 1964. It is a semi-classical model
which assumes that the molecules may occupy only discrete states of inter-
nal energy, i.e., the internal degrees of freedom of the molecules are treated
quantum-mechanically.

5.2.1 Boltzmann and Transfer Equations

The collision of two molecules of a polyatomic gas modify their translational
energies as well as their internal energy states. Before a binary encounter,
let (c,es) denote the velocity and the internal energy in the quantum state
a of a molecule and (cy, e,,) denote the velocity and the internal energy in
the quantum state a; of another molecule which participate in the collision
process. After the collision, the velocities and internal energies are represented
by (¢/,eqr) and (cf, eq).

The momentum and energy conservation laws for two molecules at collision
reads

1 1 1 1

ct+cy =c'+dc), §m02+ea+§mc%+eal = §mc’2+ea/+§mc'12+ea/1. (5.6)

2 C. S. Wang Chang, G. E. Uhlenbeck & J. de Boer, “The heat conductivity and
viscosity of polyatomic gases”, in Studies in Statistical Mechanics Vol.Il, pp.
243-268 (North-Holland, Amsterdam, 1964).
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In terms of the relative velocities g = ¢; — ¢ and g’ = ¢} — ¢/, the energy
conservation law (5.6)2 becomes

m

554

G* Feqteq = %g’g—kea/ + €qr - (5.7)
The state of the polyatomic gas in the u-phase space will be described by a
distribution function f(x,c,a,t) such that f(x,c,«,t)dx dc gives, at time ¢,
the number of molecules in the quantum state «, in volume element within
the range x and x+ dx and with linear velocity within the range ¢ and c+dc.

In order to determine the Boltzmann equation, one considers the scattering
process of two beams which before a collision are represented by the velocities
and internal energy states of the molecules (c, e,) and (c1, es,) and after the
encounter by (c’,eq) and (c},eqr). The collision is also characterized by a

differential cross section, denoted by ag;of/l (g — g'). It is a function of the
energy of the relative motion of the molecules £ and represents the transition
from the quantum states aa to o/ of two colliding molecules whose relative
velocities before and after the encounter are given by g and g’, respectively.
The number of collisions per unit volume and time that changes the states
of a molecular pair from {(c, es), (€1,€q,)} to the states {(c’, eqr), (€], ea;)}
and with relative velocity within the element of solid angle df? is given by

f(x,c,a,t)f(x,cq,ar,t) oo (g — g')gdRdcdc,. (5.8)

One may notice that the above expression is similar to the one for monatomic
gases, which is given by (2.12). Hence, the total number of collisions per unit
volume and time that annihilates molecules in the state (c, e,) of the p-phase
space is obtained by integrating over all velocities c1, over the solid angle df?
and by summing over all quantum states a1, o/, o, yielding

3 / £ e, a0 f(x, ¢ an,t) 00 (g — g) gdQdey de. (5.9)

P
a1, ,0

Likewise, one can determine the number of collisions per unit volume and
time that change the states of a molecular pair from {(c’,e,), (c],eq)} to
the states {(c, eq), (€1, €, )} and with relative velocity within the element of
solid angle df2. As in the case of a monatomic gas, corresponding to a direct
collision there exists a restitution collision which is obtained by reversing
the direction of the relative velocities (see Figure 5.2). Hence, the number of
collisions per unit volume and time that creates molecules in the state (c, e4)
of the p-phase space is given by

) / Fx. ¢/ 0 ) F(x. ¢, 01, 1) 0% (8 — g) g/ d2dch . (5.10)

! !
ay,af,af
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In order to modify the expression (5.10), it is easy to verify that the
velocity transformations g’ = ¢} — ¢’ and G' = G = (¢’ + ¢})/2 imply
that dc’dc] = dGdg' and one may write

gdc' dc) = gdGdg = gdG g?dg’ d2 = ¢’ dG dg = ¢’ dcdcy, (5.11)

thanks to the relationship mg dg = mg’ dg’, which follows from (5.7) for fixed
values of the internal energy of the molecules. Furthermore, a consequence of
the time reversal invariance of the equations of motion (classical and quantum
mechanically) is the validity of the principle of microscopic reversibility. The
principle of microscopic reversibility asserts that the transition probabilities
per L/mit time between the initial and final states are equal to each other, i.e.,

Qo AN e 76 3}
Waa,' (8 — &) = Yaral
to the flux of molecules which are scattered into the range of a solid angle
df2 per unit of the initial flux. Hence, the differential cross section is: (a)
proportional to the transition probability times the number of final states in
the solid angle df2 within the volume element dp’ = p'2df2dp’ around the
final momentum p’ = mg’ and (b) inversely proportional to the incoming
flux which has relative velocity modulus g. On the basis of the above reasons,
one may build the relationship

(g’ — g). The differential cross sections are related

Taoy (8 = &)  waa' (g — g)p2d0dp /g
aaq

Torar (8 = 8)  wyiil (8 — g)p*df2dp/g’”

(5.12)

which due to the relationship gdp = ¢’dp’ reduces to the following connection
between the differential cross sections

/12 ooy

ploaat(g —g)=p oo, (g — g). (5.13)
Hence, for non-degenerated polyatomic gases, it follows from (5.11) and (5.13)
that
! oo

goadi(g — g)de de = g'o%% (g — g) dc} dc, (5.14)

a1

and (5.10) becomes

> / Flx,c ol ) f(x. ¢}, 1) ot (g — ) gddey e, (5.15)

! ’
ay,a’ o)

For spherical molecules, the differential cross section depends only on the
energy £ and on the scattering angle, so that the arguments (g — g’) and
(g’ — g) can be dropped out from the differential cross sections.

From the difference of (5.15) and (5.9) divided by dc, one obtains the
collision term of the Boltzmann equation. Indeed, by introducing the ab-
breviations f, = f(x,c,a,t), fa, = f(x,€1,01,t), for = f(x,¢/,d/,t) and
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fay = f(x, ¢}, a1,t), the Boltzmann equation for the distribution function f,
becomes

%afaa

S e B = ST [ (g fuf) 2 g d2der. (5.10)

ag,a’ o

The transfer equation is obtained through the multiplication of the Boltz-
mann equation by an arbitrary function ¢, = ¥(x,c,a,t), the integration
over all values of ¢ and addition over all internal states o. Hence, it follows

( /wafadc> +—< /wafaczdc> Z/ [%+ e

¢o¢ aal
+E3_Cz:| fadCZZ/¢a(faffag — fafar) Oaay' g df2dey de

1 a'a'
= Z Z/(% + 1/)&1 - %/ - Qﬁa’l)(fa’fa/l - fafal)a'ocml ngdCl dc. (5~17>

In the above equation, the sum over o’s corresponds to a sum over all values
of of a, a1, o' and o). Moreover, to obtain the second equality, the following
relationships are used, which are obtained by the changes (o, c) < (o/,c’)
and (a,c) < (a1,c1):

S [ lfur S~ fufun) 72 g6 des de
=5 [ et — o fog) 735 g0 de

= / Vs o ft — Fofon) 055 g A2 dey de. (5.18)

Exercises

5.2 Obtain the energy conservation law (5.7).
5.3 Show that the relationships (5.18) hold.

5.2.2 Macroscopic Description

The macroscopic fields associated with the mass density ¢, momentum density
ov; and internal energy density pe of a polyatomic gas are defined by

0= Z/mfadc, (5.19)
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ov; = Z/mcifadc, (5.20)
o€ = Z/ (%m(]2 + ea> fadc. (5.21)

By applying the same methodology as the one used in Section 2.5.2, one
obtains the following balance equations from the transfer equation (5.17):

(a) Balance of mass density (o = m):

do = Oov;
9¢ _ 22
ot oz, (5.22)

(b) Balance of momentum density (o = mc;):

Oov;
ot

0
+ %j(gvivj erij) = oF; (5.23)

(c) Balance of energy density (1o = mC?/2 + e4):

Ope 0 dvj
T + oz, (0evi + ¢;) + pij 02, 0. (5.24)

In the above equations, the pressure tensor p;; and the heat flux vector g;
read

1
pij = Z/mcicjfadQ 4 = Z/ <§m02 + ea) Cifadc.  (5.25)

(d) Balance of entropy density 1o = —kInbfy:

00s 0
E + a_xi(gsvi + ‘Pi) =S (526)

where the entropy density os, the entropy flux ¢; and the entropy production
density ¢ are defined by

0s = —kZ/fa(lnbfa)dc, i = —kZ/faCi(lnbfa)dc, (5.27)

k / fa’foz’ (fa’fa’ ) oo
¢ = - In 1 L — 1| fafoy Oaa;," gdf2dcidc. 5.28
1 Za,s Fadon \Jufur 1)o7 gdiddede.  (5.28)

One may infer that the entropy production density is a positive semi-definite
quantity, i.e., ¢ > 0, due the inequality (z — 1)Inz > 0 which holds for all
x> 0.
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Exercise

5.4 Obtain the the balance equations (5.24) and (5.26) from the transfer
equation (5.17).

5.2.3 The Equilibrium Distribution Function

In equilibrium, the collision term of the Boltzmann equation (5.16) must
vanish, so that

O =159, o Y +m Y =m0 +m Q. (5.29)

a @ )

0) . . . . . . .
Hence, In f((x) is a summational invariant, which according to Section 2.4,
must be a combination of mass, momentum and energy, i.e.,

1
In 9 = mA +mc-B+ (§mc2 + ea) D, (5.30)

where A, B and D are unknown coefficients.
Equation (5.30) can be rewritten as

L9 =g exp {fb* {%(c —u)? + ea} } ) (5.31)
by introducing the relationships mA = Ina— %mb*uz, B =b*uand D = —-b*.

The substitution of the equilibrium distribution function (5.31) into the
definitions of the basic fields (5.19) through (5.21) and the integration of the
resulting equations lead to

3
or \ 2
0 =ma ( i ) Zexp(—b*ea), u; = v, (5.32)

mb*

3 _’_lzaeaexp(—b*ea)
C2mb*  m Y exp(—breq)

. (5.33)

One can infer from the above equations that it is not possible to obtain b*
explicitly. For this end, one makes use of the entropy density (5.27);, which
in equilibrium reduces to

s|p= ,S %: / FOnbfMde = f% In(ab) — b*me] . (5.34)
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The differentiation of (5.34) yields

k [d
ds |p= —— | <L — mb*de — medb* | , (5.35)
m a

while the differentiation of (5.32); leads to

do _da _ medb*. (5.36)
1%
Hence, it follows from (5.35) and (5.36)
« 1 _1 p
ds |g= kb {da oy dg} =7 {ds /2 dg} ) (5.37)

where the second equality represents the Gibbs equation (2.149). Now, one
identifies kb* = 1/T, and the distribution function (5.31) becomes

2 e—ea/kT

féo) =n (2 TZT) = e—mCZ/2k:T’ where z Z e_ecx/kT
e

(5.38)
is the so-called partition function.

The specific internal energy (5.33) can be rewritten as a sum of two terms,
one related with the translational energy of the molecules €7 and another
connected with the internal variables of the molecules ¢!, namely, ¢ = €T +¢’,
so that

3k 3p 1 _ ET?0InZ
T I ea/kT
et Z2E E = . .
¢ 2m 20’ ‘ mZ = Cat m 0T (5.39)

The corresponding specific heats at constant volume read

OeT 3k

T

_ (90 3k 4

o (aT)v 2k (5.40)
oet 0 (kT?0mnZ 1 1

1_ (o) _ 9 (KT _ 1 2 —ca 1\2

C“_(3T>” aT(m 8T> mkT? Zza:eofe (me”)

(5.41)

Note that the specific heat corresponding to the translational energy of the
molecules does not depend on the temperature, but the one related to the
internal variables of the molecules does.

It is important to determine the energy and the specific heat associated
with one of the internal modes of a polyatomic molecule. The one which
is easier to handle is connected with the vibrational energy of a diatomic
molecule and will be analyzed below.

According to quantum mechanics, the non-degenerated energy levels of a
vibrating one-dimensional harmonic oscillator with frequency v is given by
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1
€q = hv <a + 5) , (5.42)

where h is Planck’s constant. In this case, the partition function reads
> hv 1 exp(—0y /2T)
—by
Z — [ — — = 5.43
2 e { RT (a ’ 2)] —ep(—oyT) O

due to the relationship Y oo z* = 1/(1 — z) which is valid for all |z| < 1.
Above, a characteristic vibrational temperature 6y = hv/k was introduced,
and some typical values for gases of diatomic molecules are: 8y = 6210 K for
Hs, 0y = 3340 K for Ny and 6y = 810 K for Cls.

Once the partition function (5.43) is known it is easy to obtain from (5.41)
the specific heat at constant volume corresponding to the vibrational energy,

namely,
_ k[ _(v/2m) 7
= Linh(vev/ﬂ)] ’ (5:44)

Note that the specific heat depends on the temperature. Here, two limiting
cases are interesting to analyze: (a) when T' < 0y, the specific heat tends to
zero and (b) when T > 6y, (5.44) implies that ¢! = k/m which corresponds
to the plateau where the energy equipartition principle holds.

Exercises

5.5 Obtain through integration (5.32) through (5.34).
5.6 Determine through differentiation (5.35) and (5.36).

5.7 Obtain the specific heat at constant volume related with the vibrational
energy of a diatomic molecule (5.44) and show that mc! /k versus 0y /2T has
the same behavior as the curve drawn in Figure 5.1 for the rise from the
rotational plateau to the vibrational one.

5.2.4 Equilibrium States

The substitution of the equilibrium distribution function (5.38) into the
Boltzmann equation (5.16) yields

Do DT (mC? e, m(el +¢&l) m
© [De DT Ca _mleT 4NN m o [,
Ja { o T T (sz AT ) TErCPY T i,

100 m 10T (mC? en m(eT +eT) B
+53_1‘z_k‘_TFZ+T8_$Z(2kT +k__T_T Cz *Oa (545)

m ., Ovj

where D = 0/0t + v;0/dz; is the material time derivative.
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Equation (5.45) must be valid for all values of the peculiar velocity C and
all values of the internal energy e,,. Hence, by following the same methodology
of Section 2.6.2, one obtains

Do=0, oDu + % —F, DI =0, (5.46)
8T 81),» a'Uj
e = U. .4

Equations (5.46) represent the balance equations of an incompressible, non-
viscous and non-heat conducting fluid. Furthermore, from equations (5.47),
one may infer that a polyatomic gas is at equilibrium when the gradient of
temperature, the velocity gradient deviator and the divergence of the velocity
vanish, i.e.,

or Qv ov;
=0, =0, =0. 5.48
8:& axj> 5.%1' ( )
Note that for monatomic gases the material time derivative of the tempera-

ture and the divergence of the velocity do not vanish at equilibrium and they
are related to each other by (2.115).

Exercise

5.8 Obtain the constraints (5.46) and (5.47) from (5.45).

5.2.5 The Non-equilibrium D:istribution Function

According to the analysis of the previous section, a polyatomic gas at equilib-
rium is characterized by (5.48) of vanishing temperature gradient, deviator
of the velocity gradient and divergence of the velocity. Hence, these terms
are the thermodynamic forces for a non-equilibrium state, and one may no-
tice that besides the thermodynamic forces of monatomic gases there exists
another one for polyatomic gases which corresponds to the divergence of the
velocity. In this sense, there exists an additional thermodynamic flux con-
nected with this scalar thermodynamic force. The corresponding thermody-
namic flux adopted here is the dynamic pressure,? which is a non-equilibrium
quantity previously introduced in Section 3.1. In terms of the distribution
function, the trace and the traceless parts of the pressure tensor are defined
by

3 Another equivalent description is to introduce a non-equilibrium energy density
instead of a non-equilibrium pressure (see M. N. Kogan, “Molecular gas dynam-
ics”, Ann. Rev. Fluid. Mech., 5 383-404 (1973)).
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D 1

where w, p and p(;; denote the dynamic pressure, the hydrostatic pressure
and the pressure deviator, respectively.

In Section 5.2.3, the specific internal energy was written as a sum of one
term connected with the translational energy of the molecules and another
one with the internal variable of the molecules. Here, a similar decomposition
is adopted for the heat flux vector by splitting it as a sum of a translational
heat flux vector ¢! and a heat flux vector of the internal variable ¢! . In terms
of the distribution function, they are given by

1
qu _ Z/ﬁmczcifadca qu = Z/eaCifadc. (550)

In order determine the transport coefficients of a polyatomic gas, the
Chapman-Enskog-Grad combined method will be used (see Section 4.3). For
that end, one has to determine a non-equilibrium distribution function for a
polyatomic gas similar to Grad’s distribution function. Here, it is supposed
that the basic fields are the 17 scalar fields: mass density o, hydrodynamic
velocity v;, specific internal energy e, pressure deviator p(;;y, dynamic pres-
sure w, translational heat flux vector ¢! and heat flux vector of the internal
variable ¢!. By writing the non-equilibrium distribution function as

fo= 1O (a* +a;C; + a};CiCj + a;,,C*C; + d'eq + ajeqCy) (5.51)
one has 17 scalar coefficients—namely, a*, af, aj;, a;,;, @’ and a;—to be
determined from the definitions of the basic fields. Indeed, the insertion of

(5.51) into the definitions of the 17 basic fields (5.19), (5.20), (5.21), (5.49)
and (5.50) yields

2 I
_ ) P (MmN oo m mCT 3 3k (eq —me
Jo=Ja { + 20 (kT) GiCs + p | 2kT 2 2mcl kT

2¢ ym\2[mC?* 5 2q/ rmN2cl [eq —me!
Jrg?(k—T) [2k‘T§:| CZ+§E<kJ_T> g T Ci a(5'52)

after the integration of the resulting equations over all values of ¢ and the
summation over all values of a.. Expression (5.52) is Grad’s distribution func-
tion for the 17 basic fields.

Exercise

5.9 Obtain the non-equilibrium distribution function (5.52) from the repre-
sentation (5.51) by using the procedure described above.
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5.2.6 The Laws of Navier—Stokes and Fourier

By following the Chapman—Enskog—Grad combined method, the insertion
of the equilibrium distribution function (5.38) into the left-hand side of the
Boltzmann equation (5.16) and Grad’s distribution function (5.52) into its
right-hand side leads to

Do DT (mC? e, mel +¢&l) m 1 do
(0)) 2 4 7~ Za I TR —~ C.Duv; z

Jo {Q+T <2k;T+k;T ) TR T | o,

10T (mC? e, m(eT +€l) m _, Ov; m

il R S A —Ci=—2L - —F|C; y=l,.(5.53
T Oz; ( 2kT T kT kT > + kT 7 0x; kT } } ( )
The linearized term |,—which represents the right-hand side of the Boltz-

mann equation and is a function of thermodynamic fluxes p;;), @, gl and
ql—reads

_ Pirs) (m\? m02_§_£ eq — mel
la =", (kT) Za [C“CSH T [sz 2 kT

247 2 mC? 5 2qL rmN2cl eq — mel
r I m IOL - 5 T __T S m _UI()/ - im_ I .
+5 0 (kT) {(2kT 2)0}4_3 0 (kT) cl kT ¢
(5.54)

Above, all non-linear terms in the thermodynamic fluxes were neglected and
introduced the abbreviation for any arbitrary function ¢, = ¢(x, ¢, a, t):

= /f°>f(°> (Gar + Gar — dar — ) Tt gdQdey.  (5.55)

(llOéOt

By following a similar procedure as the one applied to obtain the right-hand
side of the transfer equation (5.17), it is easy to show that

S [ vaZaloalde =3 3 [ (ay 0 = tog — ) Taliulde. (550

The multiplication of (5.54) successively by m, me¢; and (3mC? + e,), the
integration over all values of ¢ and the summation over all values of « of the
resulting equations lead to the field equations of an Eulerian fluid, namely,

ov; Op 0v;
—0 Do, + L — oF, DT
0x; ’ oPvi 0x; B e +p8xl

Do+o =0. (5.57)

Now, the material time derivatives of the mass density o, hydrodynamic ve-
locity v; and temperature 7' are eliminated from (5.54) through the use of
(5.57), yielding
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jol Mmoo e k1 e (mC2 3N eq —mel] Ou
« kT Oxgy  me, ek \ 26T 2 kT oz,

mC? 5 e,—mel] C. 0T
*[21@5* — ]?%T}la. (5.58)

From the above equation, the constitutive equations for the pressure deviator
P(ij)» dynamic pressure w and heat flux vectors ¢! and ¢! will be obtained as
well as the corresponding transport coefficients of shear and bulk viscosities
and thermal conductivity.

In order to determine the constitutive equation for the pressure deviator,
one multiplies (5.58) by mC<iCj>/nkT and obtains

v 4p iz 9 9 €q + €q
p AU 242y - el
dxj  HrZ? 2kT 6 Z / exp |~ (€7 + O = =7

2 r 7
(chey+ cg,_ ) = CLCl = C,Cy) ) goia! dde de

T

Pij) 2, 2 €a T €qy
a _ o Cou
 5r3Z2 QkT 6 Z/ [ 2kT < 2 ) kT :|

X (9,0 — 9(:95)g oy’ A2 dg dG, (5.59)

X

by integrating the resulting equation over all values of ¢ and by summing
over all values of a. In the first equality of the above equation, (5.56) and
(4.75) were used, while in the second one, the integration variables (C, C;) —
(g, G) were changed. Now, by taking into account (3.34) and (3.35) and the
relationship g - g’ = g ¢’ cos x, one can integrate (5.59) with respect to G and
the angular coordinates of g. Hence, it follows the constitutive equation for
the pressure deviator as function of the velocity gradient deviator, i.e.,

3v<i
Poj) = —2p e (5.60)

where the coefficient of shear viscosity reads
5 1
= gvﬂ'kTmZQ{Z/ {74 sin? y — 72 Ae sin? y + g(Ae)Q
-1
X 67(72““*6“1)7 aaall dev} . (5.61)

In the expression for the coefficient of shear viscosity (5.61), the dimensionless
quantities were introduced:
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2 12
,  myg P
_ mg” _ 62
wr T T (5.62)
€a €a, (P €q’
= _fa e Ca 5.63
Ca T TR YT R AT T (5.63)

Furthermore, the dimensionless modulus of the relative velocity v/ was re-
placed by the relationship that follows from (5.7), namely,

7% =72 — Ae, where Ae = €or +€q) — €a — €ay- (5.64)

The constitutive equation for the dynamic pressure is obtained by using the
same methodology employed for the determination of the pressure deviator.
The multiplication of (5.58) by the expression

mC? 3 cf €0 —mel

2T 2 ! kT ’
the integration over all values of ¢ and the summation over all values of o of
the resulting equation leads to

(5.65)

T =

) aiﬂi )
where the coefficient of bulk viscosity is given by

-1

1 I\ 2 ’r

0=3(5) ”’“TmZQ{Z [(agp e eyl dm”}
Co -
a's

(5.66)

Now, by combining the two constitutive equations (5.60) and (5.65), one

obtains the Navier—Stokes law, namely,

8’Ur a’U(i
Dij (p ”axr) 0ij ”axj> (5.67)

For the determination of Fourier’s law, one multiplies (5.58) by

mC? 5 €o — mel
-5 G d — | Ci
< 2kT 2> ¢ian ( kT > ¢
and by applying the same procedure described above, one obtains the fol-
lowing algebraic system of equations for the heat flux vectors ¢! and ¢!:

5 50T 4 . o 4
Z - T _ 2207, )
390z, 15 ' T g 2% (5.68)
oT 4 ~ 4¢l
e = —Tyql — — T34 (5.69)

K Oz; 157" 9¢l

where 17, 13, fg and 73 represent the integrals:
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41 11
Nn=——= 4sin? y — 42 Ae sin? y + —(Ae 2}
1 mzzz,/[” 7 R

67(72+6“+5"‘1)’7 Uaall d2dry, (5.70)

R R 2~ (v +eatea;) o)
To=1= 2 VrkTm 22 ;/(Ae) e )3 oot d2dn, (5.71)
_ : 2 3
T e — / , . _ B 3 A 2
’ \/mz2 Z:/{[’Yr(ﬁal €a) 77‘(6041 €a)} + 2( 6) }
x e (FHeatea) 35000 40dy. (5.72)

By solving the system of equations (5.68) and (5.69), it follows the constitu-
tive equations for the translational heat flux vector ¢} and for the heat flux
vector of the internal variable ¢!, namely,

oT oT
T T I I
a; or g oz, (5.73)
where the coefficients of thermal conductivity A7 and A’ read
25¢7 3cI7, 5T,
M= (- 1- 5.74
4N ( 50{T3> / nrs )’ (574)
9(cl)? 5¢I'T. 1,7,
A= e (e T 1- 2221, (5.75)
405 Tg 365 Tl Tl Tg

The total heat flux vector is the sum of the translational and of the internal
variable heat flux vectors, so that Fourier’s law becomes

or orT
T | NI
—(AT+A )833, )\0307;'

(5.76)

From (5.74) and (5.75), one obtains that the coefficient of thermal conduc-
tivity A is given by

25¢7 L7y + 7 NPT 1,7
a=Bo |y dalhtl 9 (o) 1-222) . (5.77)
4T1 5 C{ Tg 25 C{ Tg Tl Tg
Exercises

5.10 Obtain the relationship (5.56).

5.11 Determine the coefficients of shear viscosity (5.61) and bulk viscosity
(5.66).

5.12 Obtain the system of algebraic equations (5.68) and (5.69). Hint: use
the relationship (4.79).
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5.2.7 A Limiting Case

One interesting case to analyze is when the exchange from the translational
energy to the energy of the internal variable of the molecules proceeds very
slowly. In this case, the following conditions hold:

g=4d, Ae =0, €af — €a’ N €ay — €a- (5.78)

Moreover, the sums over the states o’ and o} of the differential cross section
is only a function of the relative velocity and of the scattering angle, i.e.,

3" oadit d2 = o(x, g) sin xdxde = bdb de. (5.79)

In the last equality above, the relationship (1.109) was used.
In this limiting case, the coefficient of shear viscosity (5.61) becomes

-1
”:g\/mza{z/e—(72+ea+ea1)77sen2xbdbdsdv} , (5:80)

a,0n

so that the sum over all values of a and «; and the integration over all values
of the azimuthal angle € leads to

5 1 kTm

where 2(7) denote the collision integral (3.40). One may note that (5.81)
for the coefficient of shear viscosity is the same as the one for a monatomic
gas (3.50);.

Likewise, one can obtain from (5.71) that 75 = T, = 0, while (5.70) and
(5.72) become

4 1 2
Ni=—onuams > /efw teatear)nTsen?y b db de dy
VrkTm 2 oo

iy
=8,/ —— 22 5.82
V5T , (5.82)

2 1 2
_ —(v"+teateay)ad _ 201 _
5= p R O;al/e (Feateai)nS (e, — €4)?(1 — cos x)bdbde dy

- S%d, /ﬁﬂ(lv”, (5.83)

respectively. Hence, the coefficient of thermal conductivity (5.77) reduces to
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ETm ¢l ETm 5 . 3032
e 16\/ 9(1 ) <2 o+ o O ) b (5:84)

The second equality above represents Eucken’s formula (5.2) with

3032

gm. (5-85)

5
fr=3 and  fr =
For the hard-sphere potential, the collision integrals become Q1) = d?/2

and 222 = d? so that f; = 1.2. For the centers of repulsion potential, the
collision integral £2(3:2) is given by (3.56), while

1/31 1 3v—>5
(1,1) _ it
) <2kT) Al(y)2F<V_1). (5.86)

In this case, one obtains that

fr=

(5.87)

BAl(y)F(3V_5)'

v—1

For Maxwellian molecules v = 5 and by using (1.122), it follows that f; ~
1.55.
One may rewrite (5.84) as

A 54 oD, 3 kKT 1
; = §Cv +76v7 Where D— 16—’]’], %m (588)

is the self-diffusion coefficient (see (8.153)1). The ratio A/u given by (5.88);
can be interpreted as a sum of two contributions: one owing to the transfer
of translational energy of the molecules and another due to the transfer of
internal energy of the molecules and associated to a diffusion process.

The dynamic pressure is responsible for the relaxation processes that cor-
respond to the transfer of the translational and internal energies of the
molecules. In the limiting case when the exchange from the translational
energy to the energy of the internal variable of the molecules proceeds very
slowly, no information about the dynamic pressure may be obtained, once

T
the term =7, [Z‘kc; — % - % (%)] in (5.54) vanishes when the rela-

tionships (5.78) hold. Note also that n — oo, when Ae — 0.

Exercises

5.13 Determine (5.82) and (5.83).
5.14 Obtain the relationship (5.88);.
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5.3 Classical Model

In this section, a model for a polyatomic gas will be analyzed, in which the in-
ternal states of the molecules are treated classically. A classical representation
of the internal states of the molecules may be considered, a good approxi-
mation for the investigation of the transport properties of polyatomic gases
of heavy molecules over a wide range of the temperature. The model investi-
gated here is based on a work proposed by Taxman*, and an application of
this theory will be described in Section 5.4 where the internal states of the
molecules are represented by their rotational energy.

5.3.1 Basic Fields

The internal energy of a molecule will be represented by e,,, where w stands
for the classical internal states of a molecule like its rotational energy with
respect to the molecular center of mass.

Some definitions and results of Section 5.2 can be used here by replacing
the sums by integrals, i.e., for any discrete function F,, one may replace it
by a continuous function F according to ) Fo — f Fdw. Furthermore, the
distribution function is written as f = f(x, c,w,t) and the fields of mass den-
sity (5.19), momentum density (5.20), internal energy density (5.21), pressure
tensor (5.49) and heat flux vectors (5.50) read

1
g:/mfdcdw7 gvi:/mcifdcdw, 95:/<5m02+ew> fdcdw,
(5.89)

1
w+p= E/mC2dedw, p<”> = /mC<7C]>fdcdw, (590)
1
‘Zz'T :/§mCQCifdcdw, qi[ :/ewCifdcdw. (5.91)

In this case, the equilibrium distribution function and the partition function
(5.38) become

1 :”(27:7@)

3 p—ew/kT

Z

2
e~ MCT/2kT and Z= [ e/ T qu.

(5.92)

Exercise

5.15 Assume that the internal energy state of a molecule corresponds to its
rotational energy , i.e., e, = Iw?/2, where I denotes the moment of inertia

4 N. Taxman, “Classical theory of transport phenomena in dilute polyatomic
gases”, Phys. Rev., 110 1235-1239 (1958).
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of the molecule and w = /w - w represents the modulus of the rotational
velocity with respect to its center of mass. Show that the equilibrium distri-
bution function (5.92); and the specific internal energy (5.39)5 corresponding
to the rotational energy are given by

3
FO — ( \ mI) ef(mC2+Iw2)/2kT7 ol — §£T,

B owkT 2m

respectively. Note that in this case the rotational specific heat ¢! does not
depend on the temperature.

5.3.2 Boltzmann and Transfer Equations

The Boltzmann equation does not follow in a straightforward manner as the
one presented in Section 5.2.1 because generally classical inverse collisions do
not exist. This can be understood by the schematic representation in Figure
5.2, where a direct (g — g’) and a restitution (—g’ — —g) collision are
represented for the semi-classical case and a direct (g — g’) and a restitution
(g* — g) collision are shown for the classical case.

semi—classical

|

g/\g* classical
|
|

Fig. 5.2 Schematic representation of a direct and a restitution collision in the
semi-classical and classical cases.

In order to obtain the Boltzmann equation, one may start with the ex-
pressions (5.9) and (5.10) by replacing

> / Fx e, ) f(x,¢p,0n,t) ohart (g — &) gdf2 deyde

!
ap,a’,af

/f(x, c,w,t)f(x,cq,wr,t) gbdbde dey de dwy dw, (5.93)
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Z /f(x7 .o t)f(x,ch, a4, 1) o5 (8" — g) ¢’ df2 dey dc’ —

/o
Q1,000,000

/ f(x,c",wt)f(x,c],wl,t) g% b" db* de* dc dc* dw, ™ dw*
:/f(x,c*7w*,t)f(x7cf,wf,t)gbdbdsdcdcldwdwl. (5.94)

In (5.94), the following relationship was used:
g*b* db* de* dc* det dw* dw™ = gbdbde dedey dw dw, (5.95)

which is a consequence of the Liouville theorem. In other words, Liouville’s
theorem asserts that if one follows the evolution of a volume element in the
phase space its volume does not change in the course of time.

Now, by following the same methodology of Section 5.2.1, one may obtain
the Boltzmann equation for a polyatomic gas, in which the internal states of
the molecules are classically treated, namely,

of of

E T 8.’171

+Fi§—£ :/(f*fl* — ff1) gbdbde dey duw, (5.96)

where f(x,¢t,w],t) = f7 and so on.

For the determination of the transfer equation, one multiplies the Boltz-
mann equation (5.96) by an arbitrary function ) = ¥(x, ¢, w, t) and integrates
the resulting equation over all values of ¢ and w, yielding

5 [erdedo+ 5 /wfcidcdw/[a—w 1oy B2 tdedw

/w(f*f{‘ — ff1) gbdbde de; dw; de dw

%/(w’l ) — Py — ) ffr gbdbde dey dw, de dw. (5.97)

The last equality on the right-hand side of the above equation is obtained by
noting that one may write

/w(x, c,w,t)f*fy gbdbde dcy dwy de dw
= /w(x, c,w, t)f*f{ g"b" db* de* dct dw,* de* dw”
= /w(x, c W' t)ff1 gbdbde dcy dw, de dw, (5.98)
by renaming the pre-collisional velocities (c¢*, ¢}, w*,wy) as (¢, c1,w,w1) and

the post-collisional velocities (¢, ¢1,w,w;) as (¢, ¢}, w’,w]). Furthermore, one
may change the role of the colliding molecules (c,w) — (c1,w1), so that
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/z/J(x,c,w,lf)(f*f{k — ff1) gbdbde dcy dw; de dw
= /[w(x, c W' t) — (%, ¢,w,t)] ff1 gbdbde dey dw dedw
= /{w(x, ch Wi t) —(x, ¢, wi, b)) ff1gbdbde dey dwy dedw. (5.99)

From the transfer equation (5.97), one can obtain the balance equations for
the mass density (5.22), momentum density (5.23) and energy density (5.24).

The determination of the balance equation for the entropy density is more
involved. Indeed, the choosing of ©» = —klInbf into the transfer equation
(5.97) leads to (5.26) where the entropy density gs, the entropy flux ¢; and
the entropy production density ¢ are given by

0s = —k/f(lnbf)dcdu)7 0 = —k:/fCi(lnbf)dcdw7 (5.100)

ko[ A
<=3 In 7 ffigbdbde dcy dw; de dw. (5.101)
1

One may observe from the expression for the entropy production density
(5.101) that it is not possible to infer the positiveness of this quantity. How-
ever, one can prove that the relationship holds

/fflgbdbdedcl dwr dcdw:/f’f{gbdbdsdcl dwidedw,  (5.102)

by following the same arguments of renaming the velocities. Hence, one can
build the relationship

_g/ <~’;]{11 _1> Ff1gbdbde de dw, dedw = 0, (5.103)

so that the entropy production density (5.101) becomes

¢ = _g/ [ln ];,J{j — <J;/J{1{ — 1)] ff1gbdbdedcy dwy dc dw. (5.104)

Now, one may conclude that the entropy density production is a positive
semi-definite quantity due to the inequality [Inz — (z —1)] < 0, which is valid
for all x > 0.

Exercise

5.16 Show that (5.102) is valid.
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5.3.3 Transport Coefficients

In order to determine the transport coefficients, one has to replace the inte-
grals Z,, [¢o] in (5.55) by

I* 9] = /f@)ff‘” (65 + ¢* — ¢ — ¢) gbdbde de, dw. (5.105)

Relationship (5.56) does not hold, but if one makes use of the same arguments
of the previous section, it is easy to prove that

/wl'* dwdc—/f 0)1/1 (p1+ ¢ — ¢} — @) gbdbde dey dw; de dw

- / V' T[)dw de = / ¢T[]dw de. (5.106)

The transport coefficients are obtained by following the same methodology
used in Section 5.2.6, so that the coefficients of shear viscosity and bulk
viscosity read

37 + 72 sin® X) Ae}

2 ’
:g\/m22{/ {7451112)(—(— 2

—1
x e~ Fewten) 34 ab de dry dws dw} ; (5.107)

lmc me! mel (3 /
VrkTmZ% | A € — —— v (242
1= 1 e, VT {/ 6{( kT)+ 2 (2 7)}
-1
67(72+5w+€w1)73 b db de dry duwn dw} . (5.108)

Furthermore, the integrals 17, 15, fg and 73, which define the coefficient of
thermal conductivity (5.77), become

25 15
y*sin? x + (fy cos? y + — — —72> Ae

b4 1/
1_\/7TkTm32

8 4
1 o~ (VP teuten) 3
+ —(Ae) VrewTeor)y® b db de dy dw dw, (5.109)
T, = -0 1 / §—7 1+ Ae) Aee= tewtewr) 3 b db de dry dwy dw,
VrkTm 22

(5.110)
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. ~-10 1 mel 2
Ty —— o — = | Aee” O Fewtew) 3 b db de dy dw, d
2 ﬂ.kTmZQ/<6 ij> €e 1y £ ay awi aw,
' (5.111)
T—LL/ € _m_sI §Ae—(e L
3 = /—ﬂ_kTm 22 w’ kT 2 wy w' )Y

— (€wy — €)Yy cos X} e_(72+€“’+5“’1)'y3 bdbde dydwy dw. (5.112)
Note that in the classical case, the symmetry of the integrals 15 = Tg is lost.

Exercises

5.17 Prove (5.106).

5.18 Determine the coefficients of shear viscosity (5.107) and bulk viscosity
(5.108).

5.4 Rough Spherical Molecules

The molecular model which will be analyzed in this section for the descrip-
tion of a polyatomic gas was proposed by Bryan,® who wrote ”The cases of
perfectly rough spheres or circular disks having both their normal and tangen-
tial coefficients of restitution unity furnish interesting examples for solution.
We may imagine the spheres and disks covered over with perfectly elastic fine
teeth, or minute projections by whose action the tangential components of the
relative velocity are reversed at impact,... 7. The corresponding transport co-
efficients for a polyatomic gas of rough spheres were calculated by Pidduck.5
In this model, the spherical molecules interact according to a hard-sphere
potential but are considered as perfectly rough. In elastic binary collisions,
the perfectly rough sphere molecules grip to each other without slipping so
that there is a total conversion of the deformation energy at collision into
translational and rotational energies of the molecules. As a consequence of
this hypothesis, the relative velocity of the points of the spheres which are
in contact during the encounter is reversed. Furthermore, the internal energy
of the molecules is characterized just by a rotational energy and the princi-
pal advantage of this model is that it is not necessary to specify the space
orientation of the molecules.

 G. H. Bryan, Brit. Ass. Rep. p. 83 (1894).
S F. B. Pidduck, “The kinetic theory of a special type of rigid molecule”, Proc.
Roy. Soc. A, 101 101-112 (1922).
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Here, a rarefied polyatomic gas of rough spherical molecules without spin
will be analyzed, since the inclusion of the spin is only important for the case
of dense polyatomic gases.

This model has some shortcomings, the principal being that even the
slightest grazing collision leads to a large deflection of the molecules. However,
its simplicity allows to determine explicitly the transport coefficients.

5.4.1 Dynamics of a Binary Collision

The collision of two identical rough spherical molecules with mass m, diam-
eter d and moment of inertia I is represented in Figure 5.3. In this figure,
k denotes the unit vector directed along the line which joins the molecules
centers and pointing from center of the molecule labeled by the index 1 to
the center of the molecule without label. The collision process is character-
ized by the pre-collisional linear (c,c;) and angular (w,w;) velocities and
post-collisional linear (c¢’,c}) and angular (w’, w}) velocities.

b=dsin 0

Fig. 5.3 Collision of two rough spherical molecules.

If J denotes the impulse exerted by the molecule without the label on the
labeled molecule, the equations which relate the post-collisional velocities to
the pre-collisional velocities read

d
mc’ = mec —J, Iw’sz+§k><J, (5.113)
d
me) =me; +J, Iw’1:Iw1+§k><J. (5.114)

Furthermore, the pre- and post-collisional relative velocities of the points of
the spheres which are in contact during the encounter are given by
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d d
u:g—ikx(erwl), u’:g’—ikx(w’+w’1), (5.115)
respectively. As usual, g = ¢; — ¢ and g’ = ¢] — ¢’ denote the pre- and
post-collisional linear relative velocities.

Since for rough spherical molecules the relative velocity is reversed after
the encounter, the relationship u = —u’ holds and one obtains from the
subtraction of the two equations in (5.115) that

oue 23+ S k- (5.116)
u=—-—— — (k- — .
m 21 ’
thanks to (5.113) and (5.114). From the above equation, it is easy to verify
that k- u = —k - J/m so that one may solve it for J, yielding

J= —% [u—l— %(u~k)k} . (5.117)

In (5.117), the dimensionless moment of inertia defined by x = 4I/md* was
introduced, which may vary from zero to a maximum value of 2/3, the former
corresponding to a concentration of the mass at the center of the sphere, while
the latter to a concentration of the mass on the surface of the sphere. The
value k = 2/5 refers to a uniform distribution of the mass on the sphere.

The determination of the equations that relate the post- to the pre-
collisional velocities can now be obtained from (5.113) through (5.115) and
(5.117), yielding

c’:c+ﬁ [ggkx(wl +w)+%(k~g)k}, (5.118)
c, :cl—ﬁ [g—gkx (w1+w)+%(k-g)k]7 (5.119)
W= w— ﬁkx [g gkx (w1 +w)}, (5.120)
W = wy — d(lfﬁk x [g - gk % (w1 —|—w)] . (5.121)

As was pointed out in the previous section, classical inverse collisions gen-
erally do not exist (see Figure 5.2). Hence, the restitution collision will be
represented by the pre-collisional velocities (¢*, c}, w*, w}) that correspond
to the post-collisional velocities (¢, c1, w, wy). The unit vector which joins
the centers of the spheres at collision will be denoted by k* and the rela-
tionships between post- and pre-collisional velocities have the same form of
(5.118) through (5.121). Furthermore, according to Figure 2.2, one infers that
k* = —k and it is easy to prove the relationships
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Moreover, it is easy to show that the twelfth order Jacobian of the velocity
transformations is equal to one, which implies that

dcydwidedw = dcjdwidc'dw’ = dcijdwidc*dw™. (5.123)

Exercises

5.19 Obtain the post-collisional velocities in terms of the pre-collisional ve-
locities, which are given by (5.118) through (5.121).

5.20 Prove the relationships (5.122) and (5.123).

5.4.2 Transport Coefficients

As was previously anticipated in the Exercise 5.15, the internal energy state
of a molecule that corresponds to its rotational energy is e,, = Iw?/2, so that
the Maxwellian distribution function and the specific rotational energy of the
polyatomic gas are given by

3
f(O) =n (2\/7.(7];1;) 67(mc2+1w2)/2kT’ EI — ;%T (5'124)

Furthermore, for this case, Grad’s distribution function (5.52) becomes
ij 2 c?  Iw?
OS] M(ﬂ) c.o. 4 Z e Tw
ff{+29 kT ”+p 2kT  2kT

2q 2 /mC? 5 2q¢f ymN\2 (Tuw? 3
- (— - = -2 (—= — — = C;p. (5.12
ts 50 (kT) <2kT 2) Cit 3o (kT) 2kT 2 Ci - (5:125)

Above, the fields of mass density, momentum density, dynamic pressure, tem-
perature, pressure deviator and heat flux vectors are obtained from equations
(5.89) through (5.91) by considering e,, = Tw?/2, e.g.,

1 |
Q:/mfdcdw, Qviz/mcifdcdw, w= g/(mg ;U )fdcdw
(5.126)

2 2
- /(mC’ Tw )fdcdw Diij) = /mC Cjy fdcdw, (5.127)

2
:/mQC C;fdcdw, ql :/Iw C;fdcdw. (5.128)
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In this case, (5.58) reduces to

2 2 2 2
f(o){(mC’ Tw ) Ovy, N 1 0T (mC’ N Tw 4> Ch

6kT  6kT ) Oxx = T Oxp \ 2kT ' 2kT

o 2 02 T 2
+ﬂ0k01—v<k} — Dud) ( n ) *[CuCy] + %I* [m e }

kT dxy) 20 \kT 2kT  2kT
2q] rmN\2_, [(mC? 5 _ 2q) rmN\2_, [(Iw? 3 _
+3 0 (kT> z [(%T 5)C +39 (kT) T W\ar —2) 9
(5.129)

In the above equation, the integral Z*[¢] reads

I*[¢] = /f(o)ffo) (67 + 0" — ¢1 — ¢) d*(g - k)dk derdw, (5.130)
since by the geometry of a binary encounter (see Figure 5.3), one has

b=dsinf, bdb=d’sinfcosb db, g-k=gcosf, dk=sin6dfde.
(5.131)

The determination of the transport coefficients of a polyatomic gas of rough
spherical molecules is a hard task. Here, it is shown how to obtain the coef-
ficient of shear viscosity, and the determination of the other transport coef-
ficients is left as an exercise for the reader.

By following the same methodology used in Section 5.2.6, the multiplica-
tion of (5.129) by mC;C;y /nkT and the integration of the resulting equation
over all values of ¢ and w, leads to

-1

|:/ C(kCDI [C<kCl>] dcdw y
(5.132)

ov i
Diijy = _2“895;) , where pu=-10

92k3T3
m4

due to (5.106) and (4.75).
For the integration of the expression for the coefficient of shear viscosity,
first, one should note that

/C’<kCl>I [OUCC’M dedw = /CU@C”I[O]CCH dCdW, (5.133)

and that one may change the integral variables (C, Cy, w, wy) by introducing
the new variables (g, G, z, Z) defined by

1 1
g=C,—C, G:§(Cl+C), Z=Wi;—W, Z:§(w1+w).(5.134)

From the above relationships, it is easy to prove that

dcy dwy dedw = dCq dwy dC dw = dg dG dz dZ. (5.135)



5.4 Rough Spherical Molecules 161

In terms of the new variables, one can get the following expression for the
product of the Maxwellian distribution functions

6
2 2
0 ) _ 2 [ YL M (o2 Y L (5
hf n(%kT P |~ \ 26 TS ) 5T 35

(5.136)
as well as the product of the velocities

1
CiCy = (G(sz> —guGy + Zg<kgl>) . (5.137)

For the difference of the products of the velocities, one has to use (5.118) and
(5.119), yielding

’ ’ 2(g . k)2 2:‘<E
1 1 1,1
Cy O +CpCl = GO — CyCr = mkkkl TE Tk
Kk —1 2H2d2
+m(g k) (krgr + gekr) + mekququszmers
k(k —1)d _ 2rd(g k)

77(gk5lrs + glekrs)krzs (}4} (kkf‘flrs + klgkrrs)krzs- (5138)

(51 17

Note that the integrals corresponding to the underlined terms in equations
(5.137) and (5.138) vanish since they are odd in G and Z, respectively.

Now, by taking into account (5.137) and (5.138), the integration of (5.133)
over all values of k can be performed by using (5.152) of the Appendix.
Indeed, after some rearrangements it follows

1 (26 + 1)
/C<kcl>1[0k0k] dedw = 2”/ (G<sz> - ZQ(le}) {mgkgz
_nd 2,72 (g2 © £ d%dg dG dz dZ. (5.139
+4(K+1)25kpq5lrs q 592(9 or + gpgr) p O 1 gd7dg zdZ. (5.139)

Finally, one may integrate the above equation with respect to the variables
g, G, z and Z and obtain

242 (13K + 6)

5
16 kT 2
/C(kCDI[Cka} dedw = —gﬁ (E) n-d et 1) . (5.140)

Hence, the final expression for the coefficient of shear viscosity follows from
the insertion of (5.140) into (5.132)s, yielding

15 [mkT (k+1)?

= AT 5.141
F=32V 7 (1Br+6) (5.141)
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Similarly, one may obtain the coefficients of bulk viscosity 1 and thermal con-
ductivity associated with the translational energy A7 and with the rotational
energy of the molecule A'. They read

1 /mkT (k+1)?
= 5.142
=5\ s e (5.142)

22 T 2 1 1)3
ar o 2Bk fmk (2e+ D(r+1) : (5.143)
16d*m V m (102k3 + 101k2 + 75k + 12)

N 9 k [mkT (19x + 3)(k + 1)?
C4d?m Vo om (10263 + 101k2 + 75k + 12)°

(5.144)

The thermal conductivity of the polyatomic gas of rough spherical follows by
adding the translational and the rotational thermal conductivities, i.e.,

9 k [mkT (5062 4 151k + 37)(r + 1)2

A=AT 4+ N\ = — . 5.145
* 16d°m V. m (10263 + 101k2 + 75k + 12) ( )
For rough spherical molecules, Eucken’s number is given by
A 13k + 6)(50K% + 151k + 37
to (13K +6) (50K 4 151k + 37) (5.146)

" pes 10(102+% + 10152 + 75k + 12)

since ¢, = 3k/m. Furthermore, one can also build the ratio of the bulk and
shear viscosities and the ratio of the rotational and translational thermal
conductivities, namely,

n _ 13k+6 Mo 4195+ 3)

[ 60k = AT 25(2k2+3k+1)

(5.147)

In order to have some estimation of these ratios, consider a molecule where
the mass is uniformly distributed so that x = 2/5 and which could represent
the molecules of a methane gas. In this case, Eucken’s number has the value
fE =~ 1.83 which is approximately equal to its experimental value fr = 1.81 at
a temperature 300 K. The ratio of the bulk and shear viscosities is n/u &~ 0.47,
indicating that the bulk viscosity is about 50% of the shear viscosity. The ratio
of the thermal conductivities is A’ /AT ~ 0.67, showing that the transported
rotational energy is about 70% of the transported translational energy.

It is important to examine the case where the whole mass of the spherical
molecules is concentrated on its center, i.e., when x = 0. In this case, one
obtains from (5.141) to (5.144) the limiting values:

5 mkT

_ > mk , 5.148
eV n— 00 ( )
\T 75k ImkT Ao 9 k /mkT

~ =_- _ - 5.149
64d’m\V w ' 16d>mV ( )
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From the above equations, one recognizes that the coefficients of shear viscos-
ity and thermal conductivity associated with the translational energy are the
same as those of a monatomic gas. However, in this case, the thermal conduc-
tivity associated with the rotational energy of the molecules does not vanish,
indicating that there exists a contribution to the total thermal conductivity
due to the rotational energy of the molecules. Furthermore, as mentioned pre-
viously, the dynamic pressure is responsible for the relaxation processes that
correspond to the transfer of the translational and internal energies of the
molecules. In the limiting case, when k — 0, the exchange from the transla-
tional energy to the energy of the internal variable of the molecules proceeds
very slowly and no information about the dynamic pressure can be obtained
from the integral equation (see the remarks at the end of Section 5.2.7).

Exercises

5.21 Insert Grad’s distribution function (5.125) into the definitions of the
dynamic pressure (5.126)3, pressure deviator (5.127)s, translational heat flux
vector (5.128); and heat flux vector of the internal variable (5.128)9, integrate
the resulting equations and show that one becomes identities.

5.22 Obtain through integration (5.139) and (5.140).
5.23 Obtain the transport coefficients (5.142) - (5.144).

5.5 Appendix

For the determination of the transport coefficients for the rough sphere model
one has to use the integrals

2w
-k)"dk = " 1
/(g )'d oA (5.150)
/k:-( K)dk = 2T _gn1g, (5.151)
i8 = n+29 Gi, .
/k-k-( )k = ——2 202 4 ngig,) (5.152)
vy g - (n+1)(n+3)g g 1] glgj ) .
2T
iy K dk=——""  a"3162(g.6. 5 g
/klk]kk(g ) d (n+2)(n+4)g [g (916Jk+gj61k+gk61j)

+(n—1)gig;jgx], (5.153)
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2
(n+1)(n+3)(n+5)

/ kikjkiki(g-k)"dk = 9" 9™ (846Kt + Sikdjt + udjn)

+n9°(9i 950+ 9igk0 1+ 9igi0 i+ Grgs0u+ 91950+ grgidis )+ n(n —2)gig;grgil-

(5.154)
In the following, it will be shown how to obtain (5.152). For that end, one
recalls that the element of solid angle is written as dk = sin 0 df de, where

0 <6< 7/2and 0 < e < 27 are polar angles of k, so that without loss of
generality one may write

(k) = (sinfcose,sinfsine, cosb), (g) = ¢(0,0,1). (5.155)

Hence, the left-hand side of (5.152) becomes

o I sin? @ cos? e sin?fcose sine  sinf cosf cose
/ / sin? f cose sine sin? 6 sin®e sinf cos sine
o Jo sin@cosfcose sinfcosf sine cos? 6
2gn 1 0 0
xghcos" O sinfdfde = ——— 0 1 0 . (5.156)
(n+1)(n+3) 00 (nt1)

Now, from the above equation, it is easy to infer the right-hand side of (5.152).



Chapter 6
Dense Gases

6.1 The Thermal Equation of State

6.1.1 The Van der Waals Equation

The equation proposed by van der Waals is the oldest equation of state which
takes into account the volume occupied by the molecules of the gas as well as
the attractive forces between its molecules. Here, the van der Waals equation
of state will be determined from the virial theorem proposed by Clausius.

Consider a system of N molecules all having the same mass m. The equa-
tion of motion of each molecule is given by

mx® = F9, (a=1,2,...,N), (6.1)

where x% is the acceleration of the molecule and F® denotes the force which
is acting upon it. The scalar multiplication of (6.1) by x* leads to

d
E(mxo‘ X)) = m(x*)? + FY - x“. (6.2)

By summing (6.2) over all particles and taking its time average—denoted by
an over bar—it follows

N
= mE)Z+ Y Fooxe (6.3)

If the motion of the molecules is periodic, there exists a recurrence of
the coordinates and velocities over a period of time, and in the case that
this period is just equal to 7, the left-hand side of (6.3) vanishes. If the
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motion of the molecules is not periodic but the coordinates and velocities
of all molecules remain finite such that there exists an upper limit for the
quantity Z _, mx® - x%, the left-hand side of the above equation also van-
ishes by considering a large value of the time 7. By taking into account these
conditions it follows from (6.3) the virial theorem of Clausius:

Il 1S
3 > m(x)? = -5 > Fexe. (6.4)
a=1 a=1

vis viva virial

Clausius called the right-hand side of the above equation as “virial”—which is
derived from the Latin word “vis” which means force or energy—and stated
the virial theorem as: The mean “vis viva” of the system is equal to its
“virial”. At that time “vis viva” was the denomination of the kinetic energy,
the living force of the system.

If the N molecules which make-up a monatomic gas are enclosed in a re-
cipient of volume V' at a temperature T, the principle of energy equipartition
states that the mean translational kinetic energy of each molecule—the “vis
viva”—is given by . 5

Z c®)2 = —

2m(x )2 = 2I<:T. (6.5)
The forces that act on the molecules of a gas are of two types: (a) the forces
exerted by the recipient walls on the adjacent molecules F%, (b) the attrac-
tion and repulsion forces between the molecules F¢ .. Hence, (6.4) can be
written—thanks to (6.5)—

in

—3NkT = Z Fo - x° + Z Fo, - x (6.6)

The forces exerted by the recipient walls on the adjacent molecules represent
a pressure p. If dS denotes a surface element of the wall with a unit normal
n directed to its interior, p dS will represent such a force and

Z Fo, x> = f%p(n -x)dS = fp/ divxdV = —3pV. (6.7)
%

In the above equation the sum was transformed into an integral, the pressure
was considered constant and Gauss’ divergence theorem was used (note that
divx = 3).

Now by combining (6.6) and (6.7) it follows that

pV = NET + ~ ZFmt (6.8)
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For ideal gases the second term on the right-hand side of the above equation
is zero, since the forces between the molecules are not taken into account and
(6.8) reduces to the equation of state of an ideal gas pV = NkT.

The force which acts on the molecule o due to the other molecules reads

xP — x@

Fie =— Z K(| )m- (6.9)

This force is directed along the versor that characterizes the relative distance
between the molecules (x°? — x®)/(|x® — x®|) with the term K (|x” — x%|)
being only a function of the modulus of the relative distance.

From the scalar multiplication of (6.9) by x® and the sum of the resulting
equation over all values of «, it follows after some rearrangements, that

N N Xﬁ—xa
ZFlm Z—ZZK(\X‘;—XQI)W‘X“

a=1p=1
N N
1 xB — x2
= Y K )
20;152:1 |xP — x|
N N
1 x* — xP
S K(jx — x7)) x?
2;; [x — xB]

1 N N
= 3 DK - x ) - x°). (6.10)

In the above equation, the exchange of the dummy indexes a < (3 was
performed.
Now the time average of (6.10) leads to

N
ZFmt X* = = Z Z K(|x# — xo|)|x8 — x|. (6.11)

The next step is to transform the sums in (6.11) into integrals. For this end
let n(r) be the particle number density at a distance r = |r| of a molecule.
Hence, one of the sums in (6.11) can be transformed into an integral over the

volume V, i.e.,
N
Z _>/ n(r)dv. (6.12)
a=1 4

The other sum over all molecules gives the number of molecules of the gas
N, so that (6.11) can be expressed as
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ZFM xa—N/K )rn(r dV—47r—/ K(r)yr3n(r)dr.  (6.13)

In the last equality above the volume element was written in spherical coor-
dinates dV = 72 sin @dfdp and the integration of the resulting equation over
the angles 0 < 0 < 7 and 0 < ¢ < 27 was performed.

Now it is considered that the force K (r) is given in terms of a potential
energy &(r) and that the particle number density n(r) is determined from a
Maxwell-Boltzmann distribution, i.e.,

K(r) = —dflff), n(r) = X exp (-%) . (614)

Under these assumptions (6.13) can be written as

do(r r
ZFlnt X* = _27TN/ 76 q;“(T) T3d7“

N2KT [ d - N2KT [ .
=27 / — (e* W 1) r3dr = 67 / (1 - e*%> r2dr.
V 0 dT V 0
(6.15)

The last equality above was obtained from an integration by parts and by
taking into account that lim,_o ®(r) — oo and lim, .. $(r) — 0.

By considering now that &(r) is given by the Lennard—Jones (6-12) po-
tential (1.56), one can split the last integral in (6.15) into two contributions
one within the range of (0,0) and another within the range of (o, 00) and
perform the approximations

3
%

S(r
1l—e" % 1 forr<o
’ 6.16
{1—e_k(T zi(qf):——‘“"—ﬁ for r > o. (6.16)

&
1=

The above approximations are consequences that the potential function: (i)
tends to infinity very rapidly when r < ¢ and (ii) could be represented only
by its attractive part when r > o.

From the substitution of (6.16) into (6.15) and subsequent integration of
the resulting equation leads to

N2kT [ (7, 4eot [ 1
ZFmt X% = 6m v [/0 redr — k'T/,, T—4dr]

N2kT [03 4503]
3

= 67

v  3kT (6.17)
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The pressure (6.8) is now rewritten as

2m o N2KT [1 45} (6.18)

— NkT + 21 -
pV k+30 v T

thanks to (6.17).
Another expression for the pressure follows by the introduction of the
specific volume v and the constants b* e a* defined by

14 *

21 o3 ., S8modie
= af = ——.
mN’ 3 m’ 3 m?2

(6.19)

Indeed, by dividing (6.18) by the total mass of the gas mN, the equation for
the pressure reduces to

k b* *
=21 (1 + —) _— (6.20)

The constant b* is known as covolume since it is related to the volume occu-
pied by the molecules, while the constant a* is connected with the attractive
part of the function.

If the term b* /v is considered as a small quantity one may approximate
(14 b*/v) ~ (1 —b*/v)~!, so that (6.20) becomes

kT /m a* ET/m a*
= mm o8 - 4 21
PEGIE) e P (6.21)

which is the usual expression of the van der Waals equation of state.

Exercise

6.1 Verify (6.10), (6.15) and (6.17).

6.1.2 The Virial Equation of State

Equation (6.20) suggests an expansion of the thermal equation of state in
power series of the mass density (o = 1/v) as

p= Q%T 1+ B(T)o+C(T)o* + D(T)o* +...] . (6.22)

The above equation is known as the virial equation of state and the co-
efficients B(T), C(T'), D(T), etc., which depend only on the temperature,
are denominated second, third, fourth and so on, virial coefficients. All virial
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coefficients can be determined from the potential partition function using the
techniques of equilibrium statistical mechanics which is out of the scope of
this book.
For gases of hard spheres the virial coefficients do not depend on the
temperature and one may express the thermal equation of state as
k 27 d°
p=o0—T(1+ x"b"0), where b* = ——, (6.23)
m 3 m
is the covolume defined in terms of the diameter d of the spherical molecule.
The expression for x*, which corresponds to a thermal equation of state
up to the seventh virial coefficient, reads’

5
Y= 1—|—gb*g+0.2869(b*g)2+0.1103(1)*9)3+0.O386(b*9)4+0.0138(b*,9)5+. .

(6.24)
Another known expression in the literature for x* is given by?
1—5%0/8
- 79/3. (6.25)
(1—0b*0/4)

For a dense gas of hard spherical molecules the specific internal energy does
not depend on the mass density but only on the temperature. To prove this
affirmation consider the integrability condition of the Gibbs equation (2.149),
namely,

0%s 9%s Oe 1 op
— h — == (p-T=). 2
= ot 2= (o122 (6.26)

Since from (6.23) one has dp/0T = p/T, it follows from (6.26)2 that

g—z =0, ie., e=¢(T). (6.27)
Exercise

6.2 Show that the expansion of (6.25) in power series of b*p is a good ap-
proximation of the one given by (6.24).

LF. H. Ree and W. G. Hoover, “Seventh virial coefficients for hard spheres and
hard disks”, J. Chem. Phys. 46, 4181-4197 (1967).

2 N. F. Carnahan and K. E. Starling, “Equation of state for nonattracting rigid
spheres”, J. Chem. Phys. 51, 635-636 (1969).
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6.2 Enskog’s Dense Gas

6.2.1 The Enskog’s Equation

In order to describe the transport phenomena of moderately dense gases of
hard spherical molecules, Enskog? introduced the following modifications into
the collision term of the Boltzmann equation:

(a) The volume occupied by the molecules of a dense gas is comparable to
the volume filled up by the gas. Hence, the molecules should not be treated
as punctiform objects and the two distribution functions in the collision term
should be evaluated at different points, since the molecular centers at collision
are separated by a distance Fdk. The minus or plus sign refers to encounters
that take (c,cy1) or (c¢/,c)) as initial velocities, respectively.

(b) For a dense gas there exists an increase in the collision probability; hence,
the product of the two distribution functions should be multiplied by a factor
x which depends on the density of the gas at the contact point of the colliding
spheres, i.e., the factor x is a function of x Fdk/2 and time ¢. Here, the sign
F has the same meaning of the previous item.

By taking into account the above modifications the Boltzmann equation
(2.20) is rewritten as

0 of )
af* o, o f /[ ( + kt)f(X7C',t)f(x+dk,c’l,t)

- X (x — gk, t) f(x,c,t)f(x— dk,cl,t)] d*(g - k)dkdc;,  (6.28)

since for hard spheres g bdbde = d?g cos 0 sin 0dfde = d*(g - k)dk.

If the distribution functions and the factor x are considered smooth func-
tions one may approximate the functions on the right-hand side of (6.28)
through a Taylor series near the point x. By considering terms up to second
gradients one obtains

of  of of

ot %, T,

= Qk(f, )+ Qp(f, f) + 2r:(f, /), (6.29)

where the expanded collision terms read

KU ) = x / (']~ 1 F1) d(g - K)dkder, (6.30)

3 D. Enskog, “Kinetische Theorie der Warmeleitung, Reibung und Selbstdiffusion
in gewissen verdichteten Gasen und Flssigkeiten”, Kungl. Svenska vetenskap-
sakademiens handlingar 63, 44p. (1922).
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Qp, (f. f) =xd/ [f’a—ﬂ gfll k; d*(g - k)dkdc;
d%/k (F' 11+ 1 11) d(g - Kydkder, (6.31)
Qp,(f, f) = %gz / [f’g—j; - gi;] kik; d*(g - k)dkdc,
T - [ k781 = £12) (g e
+ gx / {f’ aijg;j —f aijgl }k k; d*(g - k)dkde; . (6.32)

In the above equations all functions f, f1, f1, f' and x are evaluated at the
point x. The collision term Qg (f, f) with x = 1 is the usual collision term
of the Boltzmann equation for rarefied gases. The collision term Qp, (f, f)
includes only first-order gradients, while Qp, (f, f) takes into account second-
order gradients and products of first-order gradients.

Exercise

6.3 Obtain the collision terms (6.30)—(6.32).

6.2.2 The Transfer Equation

As usual the transfer equation is obtained through multiplication of (6.29)
by an arbitrary function ¥ = ¥(x,c,t) and the integration of the resulting
equation over all values of c, yielding

ov 0

In the above equation ¥ is the density of an arbitrary additive quantity, X is
a kinetic flux density associated with the flow of the molecules, while @ZP ' and
@f 2 are potential flux densities due to the collisional transfer of the molecules.
Furthermore, Pk, Pp, and Pp, are production terms that correspond also to

kinetic and potential contributions and S is the density supply related to the
external forces. The expressions for these quantities are given by

/ Y fde, oF = / PC; f de, (6.34)
oM = —/ (' — ) f frk; d*(g - k)dk dey de, (6.35)
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d? o

o =~ 7
¢ 8 8I’j

X — ) f fikik; d*(g - k)dk dey de

%/

(' — w ( f> +M] ffikik; d*(g - k)dk dc, dc,
J

f1 ox
(6.36)
P | {%—% gﬂ fet [ X0~ 0)f (s Kdkderde,  (637)
d £\ oW —v) s

Pr =5 [ [w ¥ f1>+T] ik (g - )k e de,
(6.38)

& oM —v) 8 SN 18°W =), dlnfdlnf
PPQ_Z X{ ox; (1 E)—’—i O0x;0x; ~W =) Ox; Oz;

L, 1 0%f 1 0%f 5
+§(1/J B w) [? &Eiawj i Eaxiaxj] }fflkLk] d (g . k)dk derde, (6.39>

_ [r9¥
S = /EaCi fdc. (6.40)

In order to obtain the above equations all gradients of the factor y were
transformed into gradients of integrals and the latter were defined as gradients
of fluxes as indicated by (6.35) and (6.36). The introduction of ¢’ proceeds in
the same manner as that explained in Section 2.3. Moreover, the expression
(W' — 1/)) within the above underlined terms can be replaced also by (¢} +

(e ¥)/2.

Exercise

6.4 Obtain the flux densities (6.34)-(6.36) and the production terms (6.37)—
(6.39).

6.2.3 Macroscopic Description

A macroscopic state of a monatomic dense gas can be characterized by the
fields of mass density o, momentum density pv; and internal energy den-
sity ge defined by (2.86), (2.87) and (2.89)3, respectively. Note that the
energy density is defined in terms of a translational kinetic energy, since
according to (6.27) the specific internal energy does not depend on the mass
density.
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As usual, the balance equations for these fields are obtained by choosing
successively 1 = m, me; and mC?/2 in (6.33). After some rearrangements it
follows

Bvi

Do+ ez =0, (6.41)
1o} ,
QD”Ui + % (pfj{ +p51 +p§2) = QFi (642)
0 K P, Py K P P 9v;
oDe + (%: +q; " +g; ) + (pji + Py +p'i> =0. (6.43)
89:1» J J 31'2

In the above equations pg represents the pressure tensor associated with the

flow of the molecules, while the pressure tensors le and pf;z are connected
with the collisional transfer of the molecules. The same interpretation holds

for the heat flux vectors ¢, qu ' and qZP 2. These quantities are defined by

d
Pl = /mcicjf de,  plt =< /xm(cg — ¢i)f f1k; d*(g - k) dkdcy dc,

2

(6.44)
P f/ m(c’»—c-)i lni ffikrk; d*(g - k) dkdeide,  (6.45)

b =7 JXMG TG fi 1R €8 1 .
¢f = / 5C°Cifde, ' = % / x5 (O = C?)f fik; d* (g - k) dkdes de,
(6.46)

2
g _& X@(C’Q—CQ)i lni ffik;k; d*(g - k) dkdcyde.  (6.47)
v 4 2 8Ij f1

The total pressure tensor and the total heat flux vector are given by the
respective sums of the kinetic and potential contributions, i.e.,

pi; =iy + P i ai=af +aq +q” (6.48)

Exercise

6.5 Obtain the balance equations (6.41)—(6.43).

6.2.4 Determination of the Potential Contributions

The potential contributions p};l and qP !

i ;' can be expressed in terms of the cor-

responding kinetic ones pfj{ and ¢ . To prove this assertion, consider first the

pressure tensor whose definition is given by (6.44)2. By using the relationships
¢ =c+k(k-g) (see (1.87)) and (5.152) one obtains
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d
Pl = 3 /mef1d2kikj(g-k)2dkdcldc

d? 2
= EXm 15 —(¢? dij +29i9;)f [rderde. (6.49)
If in the above equation one goes back to the variables ¢ and c; by using the
relationship g = ¢ — ¢, the integration of the resulting equation with respect

to the variables ¢ and ¢; becomes

2 K

pij = xb"0 [Q%T(Sij +
Note that for the determination of (6.50) no assumption on the distribution
functions f and f; was taken into account. In this equation b* is the covolume
whose expression is given by (6.23)s.
Following the same scheme used for the calculation of pf;l, the potential
contribution to the heat flux vector (6.46), reads

3 .
g;" = Sxb eqf". (6.51)

For the determination of the potential contribution pf-;Q —given by (6.45)—one
makes use again of (1.87) and the resulting equation is integrated over all
values of k. Hence, by employing (5.153) it follows

d? 0 f
P2 _ 2
PP = Z/ me— o (ln _f )ffld g [gigjgk
+ 9%(9idjn + 950 + gk&j)} dgdG. (6.:52)

In the above equation the velocity variables (C, C;) were replaced by the
relative velocity g = ¢; — ¢ and the center of mass velocity G = (C; + C)/2
and the relationship dcdc; = dgdG was used. Unfortunately, one cannot
determine the potential contribution pf-;? without the knowledge of the dis-
tribution function. In order to obtain constitutive quantities that depend
only on linearized first-order gradients, the distribution function in equation
(6.52) should be a Maxwellian distribution function, so that

0 1 m oT m  Ov,
2 (mi-])= gt .
3xk ( . fl(O) kT2 gTGT 6xk ]CTgT 6xk (6 53)

The insertion of (6.53) into (6.52) and the integration of the resulting equation

yields
*2 2
P xb*“o° [mkT | Ov, 6 Jv;
Po _ _ - 0 + = . 6.54
Pij md? T |0z, Y T3 dxj) (6.54)
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Hence, the potential contribution to the pressure tensor pZ-Z is a function of
the deviator of the velocity gradient and of the divergence of velocity.

By applying the same methodology to the potential contribution to the
heat flux vector ¢! ?, it follows from (6.47) that

Py §Xb*292 k [mkT 0T

i 2 1d® m T Oz (6.55)

which shows that the potential contribution to the heat flux vector is pro-
portional to the gradient of temperature.

Exercise

6.6 Obtain the expressions for the potential contributions to the heat flux
vector (6.51) and (6.55).

6.2.5 Equilibrium Constitutive Equations

The equilibrium state is characterized by a Maxwellian distribution function
so that the kinetic contributions to the pressure tensor (6.44); and to the
heat flux vector (6.46); become

k
Pis | = QET@J» 4|5 = 0. (6.56)

Furthermore, in equilibrium the temperature gradient, the divergence of the
velocity and the deviator of the velocity gradient must vanish, i.e.,

or|
6Ii -
E

du. |
’ ox, .

av@

= 0. (6.57)

b

Hence, from (6.54) and (6.55) one obtains that in equilibrium p =0and

Py
q; ‘ 5= 0.
Now by combining (6.48), (6.50), (6.51) and (6.56) it follows the equi-
librium constitutive equations for the pressure tensor and for the heat flux
vector for a dense gas of hard spherical particles, namely,

PQ’
ij B

k *
Pijlp = 0T (14 xb"0)0ij,  aif ;= 0. (6.58)

From the constitutive equation for the pressure tensor (6.58); one can identify
that the hydrostatic pressure of a dense gas of hard spherical particles reads

k .
p= QET (1+ xb% o). (6.59)
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Until this point the factor x in Enskog’s equation was left unspecified. By
comparing (6.23); and (6.59) one may identify y = x*.

6.2.6 Determination of the Kinetic Contributions

In order to determine the kinetic contributions for the pressure tensor pgﬁ

and the heat flux vector ¢¢, the Chapman-Enskog—Grad combined method
will be used (see Section 4.3). Since the main objective is to obtain linearized
constitutive equations with first-order gradients one neglects the collision
term (6.32) and introduces: (i) the Maxwellian distribution function into the
left-hand side of equation (6.29), (ii) Grad’s distribution function (4.25) into
the collision term (6.30) and (iii) the Maxwellian distribution function into
the collision term (6.31). Hence, it follows

2
o[De DT (mC> 3 »
/ {Q - (2kT 5 +k CiDv; + C;

1 do Lm 0v;

00x; kT I Oz,
10T (mC* 3 m < 1) 2
T oz, (sz B 5) - ﬁm} =, () Blaal

2 ql 2 mC? 5 (0)
5% (k_T> = K%T B 5) C’“} T Qp- (6.60)

Above, Z,, is the collision integral

/ FOFO (¢ + ¢ — ¢ — ¢) d*(g - k)dkdey, (6.61)

and the term QE,EI) is given by

20 10T CP?+C? ol
d/f())fo){ Q_|_ |:m(1+ 1) 3| + nx

T dz; 2kT B oz,

ov;

moA 1
+ O+ O

. }k d*(g - k) dk dc; . (6.62)

By performing the integrations with respect to the variables k and c; one
obtains, after some rearrangements, that the term Qﬁi? reduces to

2
©) _ _px £(0) 2 do Olny o L oT _ B 3mC
QPl Xbrof { (g ox; + ox; Ci 10T Ox; Gt kT

ov; mC? 2m
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From (6.60) it is easy to obtain the balance equations for mass density, mo-
mentum density and specific internal energy through the multiplication of
(6.60) successively by m, mc; and mC?/2 and by integrating the resulting
equations. They read

v
DnggaU —0, (6.64)
pu+ 2L ET(1+ b*o)| = oF; (6.65)
oLv; 833‘1 Qm X0 Q)| = or, .
3 k k ov;
20—DT + o—T (1 *0) —~ = 0. .
50, DT + 0T (1+xb%0) o2, 0 (6.66)

Note that the above balance equations correspond to (6.41)—(6.43) for the
case of an Eulerian fluid where p;; = pd;; and ¢; = 0.

The elimination of the material time derivatives of the mass density, ve-
locity and temperature from (6.60) combined with (6.63), through the use of
the balance equations (6.64)—(6.66), leads to

10T mC? 5 3 v
(0) e 2 pE Lok
/ {T@x Ck(QkT 2) <1+5Xb 9) Ckclal <1+5 b )}

K
_ Puy (m qu m 2 m02_§
T 2 (k:T) Gkl + 50 (k:T) L\ ger —2) @] (667

Now it is easy to obtain the constitutive equations of the kinetic contributions
for the pressure deviator and heat flux vector, since (6.67) differs from the
one for a rarefied gas, namely (4.69), by the inclusion of the underlined terms
and of the factor x. Hence, the desired constitutive equations read

5 1 mk‘T 2 81}
Ko o=-t— 1+ =xbo )
71k ka 3 oT
K — 1+ Zyb* . 6.69
@ e m ( +Exbe ) 5 (6.69)

Exercises

6.7 Integrate (6.62) and obtain (6.63).

6.8 Show that the equation for the determination of the kinetic contributions
for the pressure deviator and heat flux vector reduces to (6.67).
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6.2.7 The Laws of Navier—Stokes and Fourier

According to (6.48) the final expressions for the pressure tensor p;; and for
the heat flux vector ¢; are obtained by collecting the kinetic contributions
(6.68), (6.69) and the potential contributions (6.50), (6.51), (6.54) and (6.55),
yielding

81),” a’()(i oT
i = —n=— ) d;; — 2 , = —A=. 6.70
The above equations represent the laws of Navier—Stokes and Fourier, re-
spectively, where the coefficients of bulk viscosity 7, shear viscositity p and
thermal conductivity A are given by

1 mklT
n=—51/ —xb*’0%, (6.71)
wd
5 1 [mkT 4 4 12 )
= ———— |14+ =xbo+ — [ 1+ =) x%b*"p?|, 6.72
. 16)(d2 T {—FBX Q+25<+7T)X g] ( )
751 k [mkT 6 9 32 )
A= — D T+ S+ — (1422 ) %0 20| . (6.73
6ixd>mV 7 [+5X Q+25<+97T>X Q} (6:73)

Fig. 6.1 Transport coefficients versus T and p = b"p for argon gas. Left frame:
shear viscosity p; right frame: thermal conductivity A.

In Figures 6.1 and 6.2 the transport coefficients of argon gas as functions of
the temperature T' and of the factor p = b*p are plotted. One infers from these
figures that by increasing the value of b*p the gas becomes denser and the
transport coefficients increase. However, one should note that Enskog’s theory
describes a moderately dense gas so that the value of the dimensionless factor
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10°°

rho

Fig. 6.2 Bulk viscosity n versus T" and p = b*p for argon gas.

b* o should be considered small. Note that the value b*p = 0 corresponds to
a rarefied gas and in this case the bulk viscosity vanishes.

In order to compare the magnitude of the bulk viscosity one can build the
ratio of the bulk and shear viscosities, namely,

Q B E X2b*2g2
fo 5T 1+ dxbro+ a5 (1+ 12) x2b+%p2]

(6.74)

From the above equation one verifies that the coefficient of bulk viscosity be-
comes comparable to the shear viscosity by increasing the factor b*p. Indeed,
for b*o = 0.4 the bulk viscosity is approximately 14% of the shear viscosity.

Exercise

6.9 Draw the curves of Figures 6.1 and 6.2 for argon gas.

6.3 The Modified Enskog Equation

On the basis of the distribution function f,(X1,...,%Xn,t) defined in Section
2.2.3 one may introduce the spatial distribution function, namely,

nn(xl,...,xn,t):/fn(xh...,)'(mt)dxl...d)'(n. (6.75)
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The spatial distribution function nq(x1,t) = n(x,t) is the particle number
density and na(x1,X2,t) is the so-called pair distribution function.

If rop = |xo — x| denotes the relative distance of two molecules « and 3,
it is expected that the following relationship holds for the pair distribution
function:

lim  na(x1,Xg,t) = n?, (6.76)
T12—00
when the two molecules are far apart each other. Hence, one may introduce
another function which measures the deviation of ny(x1, X2,t) from the value
n? when the two molecules are far apart. The deviation function, known as
the pair correlation function, is defined by

na(x1,Xsa,t)

gg(Xl,Xg,t) = — 1 (677)

n2
In Section 2.2.3 the Boltzmann equation for a rarefied gas was derived
from the BBGKY hierarchy by assuming that—due to the molecular chaos
assumption—the distribution function fs was written as a product of two
f1 distribution functions. For dense gases, the pair correlation function is
introduced in the representation for the distribution function fs, i.e.,

Ja(x1,X2, X1, X2, 1) = ga(x1,X2,t) f1(x1, X1, 1) f2(X2,%X2,1). (6.78)

One recognizes that the pair correlation function plays the role of the factor
x introduced by Enskog into the Boltzmann equation. According to the item
(b) of Section 6.2.1, the pair correlation function should be dependent on
the density of the gas at the contact point of the colliding spheres so that
one may write g2(x1,x2|n(t)). Hence, instead of (6.28) one should have the
modified Enskog equation®

of of of
8t + Cl@xi +FZ@C¢ -

— ga(x,x — dk|n(t)) f(x,¢,t) f(x — dk, c1,t)|d*(g - k)dkde;.  (6.79)

[920xx + dKIn(1)) f(x, ¢/, 1) F(x+ dk, €], 1)

The Enskog equation (6.28) and the modified Enskog equation (6.79) are
referred in the literature as standard Enskog theory (SET) and revised Enskog
equation (RET), respectively.

One is referred to books on statistical mechanics® for the determination
of the pair correlation function since it is out of the scope of this book. Its
expression is given by

4 This equation was proposed by H. van Beijeren and M. H. Ernst, “The modified
Enskog equation”, Physica 68 437-456 (1973).

% See e.g., D.A. McQuarrie, Statistical Mechanics (Harper & Row, New York,
1976).
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gg(Xl,Xg"rL(t)) = exp <—w> {1 + /ﬂ(t7X3)>\13)\23dX3

1
+t3 /n(t,x3)n(t7X4) [2)\13)\24)\34 + 4132324 A34
+ )\13)\14)\23)\24 + )\13)\14)\23/\24>\34] ngdX4 4+ ... } (680)

In the above equation &(|x, — x3|) is the potential of molecular interaction
and Aog = exp (—P(Jxa — x8|)/kT) — 1 represents the Mayer function. For
the hard-sphere potential the Mayer function has the following expression:

1 for r>0,

0 for r<0, (6.81)

Aap = O (|xq —x5|) —d) — 1, where O(r) = {
is the unit step function.

Consider in (6.80) x; = x, x2 = x £ dk and all particle number densities
n(t,x3),n(t,x4), . .. as functions of n(t, x+dk/2). In this case, one may obtain
that the expansion of the pair correlation function (6.80) in Taylor series
around the point x leads to an expression where the terms of order (Vn)°
and (Vn)! in the SET and RET theories do not differ from each other. Hence,
for a single gas the SET and RET theories lead to the same expressions for
the transport coefficients at the level of Navier—Stokes—Fourier constitutive
equations. However, the terms of order (Vn)® for a > 2 in the SET and RET
theories are dissimilar, and so are the transport coefficients of the Burnett and
other higher order constitutive equations. The SET theory is not adequate to
describe mixtures of moderately dense gases and in this case the RET theory
should be used (for more details one is referred to the work of van Beijeren
and Ernst).

It is important to compute the second term of the pair correlation function
(6.80) for a hard-sphere potential, since it leads to the determination of the
third virial coefficient. Here, it is employed the methodology of Katsura®
which makes use of Fourier transforms.

The Fourier transform of the function A(r) and its inverse transformation”
in a three-dimensional space are defined by the relationships

1 1q-r 1 —1q-r
Alq) = W//\(r)e Trdr, Alr) = W/A(Q)e Tdq.
(6.82)
In order to evaluate the Fourier transform of the Mayer function A(|r|) which
is given by

6 S. Katsura, “Fourth virial coefficient for the square well potential”, Phys. Rev.
115, 1417 - 1426 (1959). See also the book by McQuarrie.

" See e.g. G. B. Arfken and H. J. Weber, “Mathematical methods for physicists”
4th edition (Academic Press, San Diego, 1995).
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-1 for r <d,
Allrl) = { 0 for r>d, (6.83)

one can orient, without loss of generality, the vector r in the direction of
the x3-axis and write dr in spherical coordinates dr = r? sin fd¢dfdr. In this
case, (6.82); is written as

1 > " 27T 1gr cos .
A(lq]) = W/o /0 /0 A(|x|)et 97 <592 sin OdpdOdr

_ \/g/ooo %(qr))\ﬂr)dr, (6.84)

where the last equality was obtained through the integration over the angles
6 and ¢. Now the integration over the variable r by taking into account (6.83)

leads to
2 qd cos(qd) — sin(qd)
A =1/—- . 6.85
(a) = 2220, (6.55)
For the determination of the second term of the pair correlation function
(6.80) one proceeds as follows. First, the vectors ro = x2 —x and r3 = x5 — x
are introduced and only the first term of the development of n(t,x + dk/2)
in Taylor series around x is considered. Hence, it follows

/n(t,X3))\13/\23dX3 = n(x, t)/)\(|1‘3|)>\(|1‘3 - I'2|)d1‘3. (686)

Now one may write A\(Jrs — ra|) in terms of a Fourier transform as

1

A(|rs —ra) = e /A(\q|) eI eI 2 g (6.87)

The insertion of (6.87) into (6.86) leads to

nx7t 1q-r —1qQ-ro
JRIES R #//\(|r3|)/1(|q|)e aTs =14 g dr

= n(x,1) / (A(jal))? e~ 9™2dq, (6.88)

due to the definition of the Fourier transform (6.82);. Now one may perform
the integration of the above equation over the spherical angles resulting

[ e x5 st = tnt / T (Aa I gy (6.9

At collision ro = d and one may insert (6.85) into (6.89) and perform the
integration over ¢, which leads to
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5 5
/n(t,X3))\13)\23dX3 = —ﬂ-dSn(x,t) = —b" o(x,1). (6.90)
7‘2:d ].2 8

In the last equality, the covolume b* was introduced, defined by (6.23)a.
Now one recognizes that the result given by (6.90) is the second term of
the factor x* which is given by the expression (6.24).

Exercise

6.10 Obtain the expressions given in (6.85), (6.89) and (6.90).



Chapter 7
Granular Gases

7.1 Dynamics of a Binary Collision

As it was discussed in the previous chapters, the mechanical energy of a gas
is conserved when its molecules undergo elastic collisions and, in this case,
the gas relaxes toward an equilibrium state characterized by a Maxwellian
distribution function. The inelastic collisions of the gas molecules transform
the translational kinetic energy into heat, and the mechanical energy lost im-
plies a temperature decay of the gas. Gases whose molecules undergo inelastic
collisions are known in the literature as granular gases.

The kinetic theory of granular gases is based on the following premises: (a)
only binary collisions are taken into account; (b) the rarefied gas is consisted
of hard spherical molecules; (c) the energy lost from inelastic collisions is
small and (d) external body forces are absent.

Consider the encounter of two identical molecules of mass m, diameter
d, pre-collisional velocities (c,c1) and post-collisional velocities (c¢’,c}). For
inelastic collisions, the momentum conservation law mc + mc; = mc’ + mc}
holds. However, the inelastic encounters are characterized by the relationship
(g’ -k) = —a(g- k), which relates the pre- and post-collisional relative veloci-
ties at collision. The parameter 0 < « < 1 is the normal restitution coefficient
and k the unit vector directed along the line which joins the molecules cen-
ters and pointing from center of the molecule labeled by the index 1 to the
center of the molecule without label (see Figure 5.3). In inelastic collisions,
the component of the velocity perpendicular to the collision vector k does
not change so that k x g’ =k x g.

From the momentum conservation law (1.75), one may obtain the post-
collisional velocities in terms of the pre-collisional ones, yielding

, 1+a , 1+a
g.

(g k)k. (7.1)
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Furthermore, the relationships which connect the relative velocities and their
modulus read

g=g-(1+a)g-kk, ¢*=¢"-(1-0a%(g k> (72

From (7.2)2, one can obtain the variation of the kinetic energy in terms of
the pre- and post-collisional velocities, namely,
Moy M 5 Mo Moy M, o9 2
— —cf— —c* — —c; = —(a®* = 1)(g - k)“. 7.3
2 DR - R - B = Nt - 1)(g k) (73)
When a = 1, which is the case of elastic collisions, it follows the conservation
of the kinetic energy
m m m m o
50'2 + 50’12 = 502 + 5, or g=4¢. (7.4)
The analysis of this chapter is restricted to the case where the normal
restitution coefficient is a constant.

Exercise

7.1 Obtain (7.1)~(7.3).

7.2 The Boltzmann Equation

As in the classical model for a polyatomic gas (see Section 5.3.2), there exists a
restitution collision with pre-collisional velocities (c*, c}) that corresponds to
the post-collisional velocities (c, c1). The equations that relate the velocities
are obtained from (7.1) and read

1 1
c=c+ ;a(g*-k*)k*, ¢l —ct— J;a(g*-k*)k*. (7.5)
By using the relationships k* = —k and (g - k) = —a(g* - k), the above
equations can be written as
1 1
¢ —ct %% Kk ¢l —c - (g Kk (7.6)
2« 2«

In order to determine the Boltzmann equation, one has to know the trans-
formation of the volume elements. The modulus of the Jacobian of the trans-
formation dc; dc* = |J|dc; de is given by |J| = 1/a and one may obtain the
relationship
1

(g-k)dcdc;. (7.7)

a2

(g" - k*)dc* dc} =
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As in the case of the dense gas, the factor x associated with the pair correla-
tion function (see Section 6.3) is also introduced into the Boltzmann equation
(2.20) for granular gases, yielding

g%—c (9f

ot " ow; /(%fff*—flo d*(g-k)dkde, = Qs(f, f), (7.8)

where the relationship (7.7) was used in order to transform the starred into
non-starred volume elements. Furthermore, the collision term was written in
terms of the bilinear form

1 1
QI(F,G) = g/ (EF{G/—'— ﬁF’Gll - G — FGl) d2 (gk)dkdq
(7.9)

Exercise

7.2 Show that the modulus of the Jacobian of the transformation dcj dc* =
|J|decy dc is given by |J| =1/a.

7.3 Macroscopic Description of a Granular Gas

By following the same methodology of Section 5.3.2, it is easy to get a transfer
equation for an arbitrary function ¥ (x,c,t) = ¢. Indeed, the multiplication
of the Boltzmann equation (7.8) by ¢ and the integration of the resulting
equation leads to the transfer equation

%/wfdc—i— /wclfdc—/[a—w—klaw}fd

- %/waw’—wl—w)flfd? (g k) dkdeyde,  (7.10)

where on the right-hand side of the above equation, the symmetry properties
of the collision term were used (see Section 5.3.2).

The balance equations for the mass density o, for the momentum density
ov; and for the specific internal energy ¢ = 3kT/2m are obtained from the
transfer equation (7.10) by choosing successively ¥ = m, ¥ = m¢; and ¢ =
mC? /2. Hence, it follows

ov; Opij
Do + Qa - = 0, Duv; + oz, =0, (7.11)
2 3 3
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The balance equation for the temperature (7.12) has the additional term T'C,
which represents the energy loss due to inelastic collisions. The coefficient ¢
is known as cooling rate of the granular gas and it is given by

xd?m (1-a?)

= 12nkT

/ff g - k)3dk dc; dc. (7.13)

Note that the cooling rate vanishes for elastic collisions where a = 1.

Exercise

7.3 Calculate the cooling rate (7.13) for a Maxwellian distribution function.
Hint: use the table of integrals given in the Appendix 5.5.

7.4 The Chapman—Enskog Method

The determination of the constitutive equations for the pressure tensor and
for the heat flux vector of a monatomic rarefied gas was described in Section
3.3. The methodology to obtain the constitutive equations for granular gases
is similar, but one has to take into account that there exists no equilibrium
state characterized by a Maxwellian distribution function.

7.4.1 Integral Equations
The first step is to expand the distribution function in series of the parameter

e which is of order of the Knudsen number (see Section 3.3.2)

o0

F=fO4efO @4 =€), (7.14)
r=0
as well as the material time derivative
D=Dy+eD;+Dy+...=» €D, (7.15)

The series expansions for the pressure deviator p(;;, and for the heat flux
vector g; are the same as those for a monatomic rarefied gas, namely

D(ij) /C Tf(r)dc = Ze’“p(:ﬁ, (7.16)
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4 = /%02@ S e fDde =3 eq". (7.17)
r=1 r=1

The first difference with respect to a monatomic gas of elastic spherical
molecules refers to the decomposition of the balance equations, since they
are written as

Don =0, Din= —ngzz, (7.18)
10
D()Ui = 07 Dlvi = _E 852 (719)
2T v,
DT = —T¢®, D1 = —pc - H % (7.20)
3 (9xi

In (7.20), the first and the second approximation to the cooling rate are given

d?m(1 — o?

¢ = % / FO¢0) (g k)3dk de, de, (7.21)
d?m(1 — o2

(W= %/ (ffl)f(o) + ffo)f(l)) (g - k)’dkdey de. (7.22)

In terms of the parameter €, the Boltzmann equation (7.8) is written as

Df+eCigl = Qi(1.9), (7.23

indicating that the material time derivative and the collision term are of same
order, while the spatial gradients are of higher order.

The integral equations for the determination of the distribution function
are obtained by inserting the expansions (7.14) and (7.15) into the Boltzmann
equation (7.23) and equating the equal powers of ¢, yielding

Dof® = Qs (£, fO), (7.24)
af©
Dif O +DofV + G5 — =2Q:(f, ). (7.25)

The above equations represent the two first integral equations for the deter-
mination of f(© and f().

Exercise

7.4 Obtain the integral equations (7.24) and (7.25).
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7.4.2 First Approximation f©

In order to determine the first approximation of the distribution function,
one relies on the integral equation (7.24) and uses the following relationship
for the elimination of the material time derivatives:

3 (0) 9 9 of0)
Do f© = f af© f TC(O)g—T

+ DO (% + DOT
8’[)2'

Above, the balance equations (7.18);, (7.19); and (7.20); were used.
Hence, the integral equation (7.24) can be written, thanks to (7.26), as

(7.26)

09/ _

o7 = Q1) (7.27)

~1¢0
The solution of the integral equation (7.27) for the distribution function f(®)
is not a Maxwellian, but one may write f(°) as a Maxwellian plus an expansion
in Sonine polynomials of the peculiar velocity, namely,

o _, (B\? ~pc S (n) (g2 __m
f n (7r> e 1—1—7;1(1”5'% (BC )] , where I} 51T
(7.28)

The scalar coefficients a,, do not depend on the peculiar velocity C and it is
supposed that this series expansion converges for large values of the peculiar
velocity.

As it will be shown in the sequel, the first non-vanishing term of the series
expansion (7.28) comes from the coefficient ag, hence one may approximate
the representation of the distribution function (7.28) as

% . 2 214
£00) :n(g) e ¢ {1+a1 <g—ﬁ02) T a2 (1??_ 5520 - 52C )] ’
(7:29)

where a; and as are two coefficients that should be determined from the
integral equation (7.27).

For the determination of the first approximation to the cooling rate (7.21),
one proceeds as follows. First, the product of the distribution functions is
written as

3
£ 1(0):n2 (g) B -8(267+5% ){1+a1 {3 ﬂ<2G2+§>}

2
+ag [14—5 - ? (202 5 ) il (2G4 +G%g+ L S 2(G-g)2)] }7(730)
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by neglecting all product of the coefficients a; and as and by changing the ve-
locity variables (C, C;) by the relative and the center of mass velocities (g, G).

Now, the insertion of the product of the distribution functions (7.30) into
the first approximation to the cooling rate (7.21) and the integration of the
resulting equation, yields

o = 2v/2mnxd?(1 — o?) 3 3
N 16"

3ﬁ1/2 1-— —a1 + —= (731)
Hence, to determine completely the cooling rate, one has to know the coeffi-
cients a1 and as.

The search for the coefficients a; and as proceeds as follows. First, one
multiplies the integral equation (7.27) by an arbitrary function of the peculiar
velocity 1(C?) and integrates the resulting equation over all values of c:

[wiencs®ae = X [fuep) e

—(CF) = p(CH)] OV FO d? (g - k) dk de; de. (7.32)

Next, by choosing 1(C?) = 1, the integration of (7.32) leads to an identity.
If in (7.32) one chooses 1(C?) = C? and uses the relationship

a? -1
2

CE+C?-C?-C? = (g- k)2, (7.33)

it follows after the integration that ¢(9(1 — a;) = ¢(©, which implies that
a; = 0.
Finally, by choosing 1(C?) = C* into (7.32) and by using the relationship

(0> 1)

Cr+Ct -0l —C*=2(a+1)*(g-k)*G-k)* + <

(g k)"
et - (10267 + D (g 0 e 1) (e 0GR @)
(7.34)

one obtains through the integration of the resulting equation that the coeffi-
cient ag has the form

16(1 — a)(1 — 2a?)
81 — 17a + 30a2(1 — )’

as = (7.35)

Once the coefficient ag is known the distribution function (7.29) becomes

0 _ n<é> | sce [1 L 16(1—a)(1 ~20?) (g _spc? | ﬁch)
s

81— 17a + 30a%(1 —a) \ 8 2 2

(7.36)
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Furthermore, the expression for the cooling rate (7.31) in the first approxi-
mation reads

4 kT 3(1 — a)(1 —2a?)
O = —pxd?(1 — a?)4/ 1 . .
¢ 3"x (1=a) m [ * 81 — 17a + 30a%(1 — ) (7.37)

alpha Lo

Fig. 7.1 Left frame: distribution function 7r3/2f(0)/nB3/2 versus z = $C? and a.
Right frame: cooling rate Q(O)/nde versus T and «.

In the left frame of Figure 7.1, the distribution function 73/2f(©) /n33/2
is represented as a function of £ = SC? and «. One infers from the figure
that the peak of the curve decreases by decreasing the normal restitution
coefficient. In the right frame of figure 7.1, the cooling rate ¢(9)/ nxd? versus
the temperature and the normal restitution coefficient are plotted. It shows
that the cooling rate increases by decreasing the normal restitution coefficient
and by increasing the temperature. Note that the cooling rate is zero when
a = 1, i.e., for elastic collisions of the molecules. For both figures, it was
supposed that y =1 and 0.8 < a < 1.

Consider a spatially homogeneous problem where the fields depend only
on time, i.e., o(t), v;(t) and T'(¢). In this case, the evolution equation for the
temperature field (7.12) reads

dTy(tq) N x(1—a?) 1+ 3(1 —a)(1 —2a?)
dtq 3 81— 17a + 3002(1 —a)

3
2

T? =0.  (7.38)

Above, the dimensionless quantities Ty(tq) = T(¢)/T(0) and tq = t/7 were
introduced, where 7 is the mean free time (1.29);.
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The solution of the differential equation (7.38) is given by

Ty(t) = ! L (7.39)

2
1—a? 3(1—a)(1—2a2
{1 + Al 6 ) |:1 + 81—(17cx+)3(0a2(1—)04):| td}

o
Q
0

%
A7

o,
el by

X

Fig. 7.2 Temperature decay: Ty = T/T(0) versus tq = t/7 and a.

The temperature decay of a granular gas is known in the literature as Haff’s
law. In Figure 7.2, the dimensionless temperature field Ty is plotted as a
function of the dimensionless time t4 and of the normal restitution coefficient
a for x = 1. As was expected, one may infer from the figure that the decrease
of the normal restitution coefficient implies a more accentuated temperature
decay. Furthermore, for elastic collisions of the molecules, the temperature
remains constant.

Exercises

7.5 Obtain (7.31) for the cooling rate.
7.6 Show that the coefficient as is given by (7.35).

7.4.3 Second Approximation fM

In order to determine the second approximation to the distribution function
fW | let first evaluate the following derivatives which appear in the integral
equation (7.25), namely,
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af© _ af© af© af©
o { an DT aT

(0) (0) . (0)
c, af\®) on N of®™) acC; . af\® ar .

D fO + ¢ D:.C; +

DlT}

(7.40)

The insertion of the first approximation (7.36) into (7.40) and the elimination
of the material time derivatives D;—through the use of the balance equations
(7.18)2, (7.19)3 and (7.20)s—leads to

of© af© 35  78C?
o 497 9
bt G e =g T 2P| az| ==
ialeh 6v<» o dlnn 9o D
T ) |9, set - i
115 938C% 1932C*  B3CS ol T
- (16 st |G T

In the above equation, the coefficient ay is given by (7.35) and fas denotes
the Maxwellian distribution function

B\? sc?
far=n (—) e P, (7.42)
T
Now, one can write the integral equation (7.25) as

e 3f

20;(fM, fO) = Do f W + 1¢ =fu{...}, (7.43)

thanks to (7.41). Above, {...} is an abbreviated form of the expression
within the braces in (7.41), which is function of

v,
v OT 8n>. (7.44)

{} :f(ﬂ7a250787j>7axi7axi

One notes that the right-hand side of the integral equation (7.43) is a func-
tion of the thermodynamic forces: deviator of the velocity gradient dv(; /0y,
gradient of the particle number density dn/dx; and gradient of temperature
0T /Jz;. Since the objective of this section is to determine linearized consti-
tutive equations and there exists no scalar thermodynamic force, one has to
consider that ¢(") must be zero in this approximation, i.e., ((Y) = 0. Further-
more, by analyzing the integral equation (7.43), one infers that the second
approximation f(!) can be written as
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olnT vy dlnn
oz, + I5C; CJ or z) -l- I3C; o, | (7.45)
Above, the scalar coefficients I, I'x and I'; depend on n, 7T, C? and will be
determined from the integral equation (7.43).

Here, the search for a solution of the integral equation (7.43) where the
scalar coefficients 17, I'> and I3 are given in terms of the first approximation
in the Sonine polynomials will be carried on. Hence, one may write

fY = fu [ Ci——

5
N=m (5 - gcQ) - 715(%1)(02), Iy = = 725(%‘”(02), (7.46)

5
I3 =13 (5 - ﬁcz) = 735(%1)(02)a (7.47)

where 1, 72 and y3 are scalar coefficients that depend only on n and T'.
In order to evaluate Do f(M), one has to know the following derivatives

Do far = ¢ (§ — ﬁ02> far, (7.48)
Do(IC;) = —¢ ¢ ‘98—1;5, (7.49)
Do(12C) = (VG526 DuIiCCy) = COCC 526, (1.0

) B
O {%‘;:" %%} _ g? 8;2? (7.51)

Above, the balance equations (7.18)1, (7.19); and (7.20); were used and the
relationship that ¢(?) is proportional to nv/T (see (7.37)). Here, a linearized
theory is developed so that one may neglect the underlined term in (7.51).
Furthermore, the dimensional analysis of the coeflicients suggests that v, o
1/VT, 72 1/\/173 and 73 o< 1/+/T. Hence, by collecting all results, one has

DofM = far¢© { {’73 (5 - 12_1ﬂ02 + 6204> o (_ B ﬁC’Q)] 8312”

a’U(i

71 <§—5502 5204> a;zTﬂz( 3 - BC?) CiC

. (7.52)
Zj) }

Now, by multiplying the integral equation (7.43) by an arbitrary function of
the peculiar velocity ¥(C) and by integrating the resulting equation over all
values of ¢, one obtains an equation which can be represented as 71 — 7o = 73,

where
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, vy
7= [u(c >fM<<°>{m< ~50C+ 5204>93T, (3-AC7)CCy ot
7

T Ox;

+ s (5 - %ﬂCQ + 52C4> —m (— - 5C2>] aahm }dc (7.53)

7

=3 [0+ 10 79) [w(eh) +u(©)
—1(Cy) —¢(C)] d (g - k) dkdey de,  (7.54)

Ing/zb(C)f {2,6’{1+ 2(35 75015204)} v

8 2 2 7
, 5 (115 936C% 198°C*  BCP alnT
Ml -t T s T 1 2 Gy
Olnn
2 —_— — —_—
(ﬁC 2) i }dc. (7.55)

For simplicity, from now on, the terms of order O(as) will not be considered.
However, the approximation used here will furnish the leading contributions
to the transport coefficients.

Now, by choosing ¢(C) = CyC; into the integrals Z;,7Z> and Zs and by
integrating the resulting equations, one obtains that the factors of the velocity
gradient deviator dv(;/dx;y are given by

Il = f%n2xd2(l 2 ™ (kT)5 Y2,

m

To = §n2xd (I+a)(a—3)y/« (%)572, (7.56)
Ty = —2nkL.

By solving the equation Z; — Zy = Z3 for s, yields

_ ,/ 7.57
72 o dn (13—a )a+1) (7.57)

By following the same procedure, i.e., by choosing 1(C) = C2Cj in the
integrals Z1,Z> and Z3 and by performing the integrals, it follows that the
factors of the temperature gradient 0In7T/0z; are given by

T = P’ (1 = a?)y/7 (4) 31,
Ir = —in?xd’(1 + a)(33a — 49) /7 (%)5%, (7.58)

Ty = —5n (EL)?,

m
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whose solution for 7; reads

15 m

xd’n(9 + 7a)(a+1) V 7kT" (7.59)

M=

Moreover, the factors of the particle number density gradient d1lnn/0xz; be-
come

5
Iy = Wn?xd?*(1 - a2)y/7 (EL)" (33 + 271),

I, =—in 2yd?(1 4 ) (33a — 49) m (&L o ) 3, (7.60)
Ig = O(ag).
In this case, the coefficient ~3 is given by
300(1 — o m
Y3 = ( ) (761)

xd*n(9 4 7a)(a 4+ 1)(19 — 3a) V 7kT"

Hence the second approximation to the distribution function (7.45) is deter-
mined and the distribution function up to the second approximation reads

3 2 OlnT v,
fz”(%) e ¢ {H% (——ﬁ02> ai " oz
9 81nn 15  58C? p2C*

where the coefficients as, 71,72 and 73 are given by (7.35), (7.59), (7.57) and
(7.61), respectively.

Exercises

7.7 Obtain (7.52) for the material time derivative Dy f(V).
7.8 Determine the integrals 71,7 and Z3 given in (7.56), (7.58) and (7.60).

7.4.4 Constitutive Equations for the Pressure Tensor
and the Heat Flux Vector

The constitutive equations for the pressure tensor and heat flux vector are
obtained through the substitution of the distribution function (7.62) into
their definitions and by integrating the resulting equations, yielding

51}@
Oxy’

Dij = /mCiijdc = péij — 2/1 (763)

7)
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_ [(Mere pge — 2T ypQlnn
qz—/QCC’lfdc— Aaxi 9T 97,

(7.64)

The coefficients of shear viscosity p, thermal conductivity A and the one
associated with the gradient of particle number density ) are given by

15 mkT

— , 7.65
3 —a)atr )V (7.65)
75 k [mkT
A= — Lo (7.66)
2xd*(9+ 7a)(a+1)mV 7
1 k [mkT
750(1 — ) k [mkT (7.67)

T X290+ Ta) (@t 1)(19 —3a)mV 7

10°°
1072

095 g9

085 g
alpha

Fig. 7.3 Transport coefficients versus 7' and « for argon gas when x = 1. Left
frame: shear viscosity p; right frame: thermal conductivity .

The coefficients of shear viscosity p and thermal conductivity A are plotted
in Figure 7.2 as functions of the temperature 200 K< T <800 K and of the
normal coefficient of restitution 0.8 < a < 1 for argon gas when y = 1. The
behavior of the two coefficients with respect to the temperature is the same
as that of a monatomic gas of hard spherical particles, since both coefficients
are proportional to v/7. With respect to the normal restitution coefficient,
one infers that both coefficients of shear viscosity and thermal conductivity
increase by decreasing the values of a.

In Figure 7.3, the coefficient associated with the particle number density
9 is represented as function of T" and «. One concludes that this coefficient
increases according to the square root of the temperature, vanishes when the
gas molecules suffer elastic collisions (v = 1) and increases by decreasing the
value of the normal restitution coefficient.
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Fig. 7.4 Coefficient ¢ versus T and « for argon gas when y = 1.

Exercise

7.9 Obtain the expressions for the transport coefficients (7.65)—(7.67).

7.5 Granular Gases of Rough Spherical Molecules

In Section 5.4, it was stated that (5.113) and (5.114) relate the post-collisional
(c,c1,w, w1) to the pre-collisional (¢’, ¢}, w’, w}) velocities of rough spherical
molecules at collision. Moreover, the relationships of the pre-collisional u and
post-collisional u’ relative velocities of the points of the spheres which are
in contact during a binary encounter are given by (5.115); and (5.115)5. For
simplicity, these equations are reproduced here:

mc’ =me —J, IW/:IWJrgkXJ, (7.68)

mcy = me; +J, Iw’1:IW1+gk><J, (7.69)

u:g—gkx(w+wl), u':g’—gkx(w'—i—w'l)7 (7.70)

where J denotes the impulse exerted by the molecule without the label on
the labeled molecule.

The inelastic collisions of rough spherical molecules are characterized by
the relationships

(k-u') = —alk-u), (k x u’) = —e(k x u). (7.71)
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where 0 < o < 1 and —1 < € < 1 are the normal and tangential restitution
coeflicients, respectively. For an elastic collision of perfectly smooth spheres,
a = 1 and € = —1, whereas for an elastic encounter of perfectly rough
spherical molecules, = 1 and € = 1.

From (7.68) through (7.71), one may obtain the relationships

u' = (e—a)(u-k)k—eu, u’:u+3 Jflkx(ka) . (7.72)
m K

Furthermore, from the above equations, it follows that the impulse may be
expressed as

J =mé[(u-k)k — u] — ma(u-k)k, (7.73)
where the following abbreviations were introduced:

- (4er - (I1+a)
e—m, a=-—. (7.74)

Once the impulse J is determined, the pre-collisional velocities can be written
in terms of the post-collisional velocities. Indeed, (7.68)—(7.70) and (7.73)
furnish the following relationships:

c’:c+'€[g—gkx(w+wl)}+[&—E](g-k)k, (7.75)
c’lzcl—E[g—gkx(w—&-wﬂ}—[&—E](g~k)k, (7.76)
w’:w—j—ikx{g—gkx(w—i—wl)], (7.77)
w’lwlj—ikx{ggkx(erwl)]. (7.78)

From (7.75)—(7.78), it is easy to obtain the variation of the translational and
rotational energies before and after a collision. For that end, one may build
the relationship

I 1 I 1 21
m 2 M 2 2 M o 2 %? 2 {a (g k)2

50 +§w —l—?cl —|—§w1—§c —iw ——cC —§w1:m 1
-1 & d 2
—(g-kk—-zk . .
e Rk o) (7.79)

The right-hand side of the above equation vanishes for elastic collisions of
perfectly smooth spheres (« = 1,e¢ = —1) and for elastic collisions of perfectly
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rough spherical molecules (o« = 1,e = 1). In these cases, the total energy—
translational plus rotational energies—is conserved at collision.

A direct encounter is characterized by the pre-collisional velocities (c, ¢y,
w,w1), by the post-collisional velocities (¢, ¢}, w’,w}) and by the collision
vector k. For a restitution encounter, the pre- and post-collisional veloci-
ties are denoted by (c*,ci,w*, wi) and (c,c1, w, wq), respectively, and the
collision vector by k™ = —k. It is easy to verify also that the relationship
g -k*=—a(g*-k") = —(g- k) holds.

Furthermore, the modulus of the Jacobian of the volume transformations

1
dc* dw* dci dwi = |J|dc dw dcy dw is |J| = —, (7.80)
Qe
so that the relationship of the volume elements reads
1
(g" - k")dc* dw" dcj dw] = —— (g - k)dc dw dc; dw. (7.81)
a?e

From (7.81), one may infer that the Boltzmann equation for granular gases
of rough spherical molecules without external forces and torques is given by

ﬂ—i—ci of =x/< ! fff*—flf) d? (g - k) dk dcidwy. (7.82)

ot ox; o?e?

As in the case of rough spherical molecules, the distribution function f de-
pends on (c, w,t).

The balance equation for the temperature is obtained from the multipli-
cation of the Boltzmann equation by mC?/2 + Iw? /2 and the integration of
the resulting equation over all values of ¢ and w. After some rearrangements,
one has

or T 1 {a(qZ +4q/) ;i

o Yom Taak |7 0w P,

} +TC=0. (7.83)

Above, the temperature, the pressure tensor and the heat flux vectors are
given by (5.127) and (5.128). Furthermore, the cooling rate ¢ reads

C_Xd2m 1—€¢ & iy ~k)k—§k><( N )2
= 6nkT 1 ry1|B7'8 g W wWI
1—a? 9
+ — (8- k) f1f (g k) dkdey dwi dedw. (7.84)

Note that the cooling rate vanishes for elastic collisions of perfectly smooth
spheres (o = 1,e = —1) and for elastic collisions of perfectly rough spherical
molecules (. =1,e =1).
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The first approximation to the cooling rate can be obtained by the insertion
of the Maxwellian distribution function (5.124); into its definition (7.84) and
the integration of the resulting equation. Hence, it follows

2 kT
0 = Zpxd?(2 — a2 — €2)y ] . .
¢ 3nxd( a® —€%) — (7.85)

It is noteworthy that the cooling rate depends on both the normal and the
tangential restitution coeflicients.

Exercises

7.10 Obtain the expressions (7.75)—(7.78).
7.11 Show that the modulus of the Jacobian is given by (7.80)s.
7.12 Obtain the expression for the cooling rate (7.85).



Chapter 8
Mixtures of Monatomic Gases

8.1 Boltzmann and Transfer Equations

The state of a mixture of n monatomic gases in the u-phase space is charac-
terized by a set of distribution functions f, = f(x,c,,t) witha =1,2,... 1,

Yo
such that f(x,c,,t)dxdc, gives at time t the number of molecules of con-
stituent « in the volume element whose position vectors are within the range
x and x+ dx, while the velocity vectors are within the range c, and c,, +dc,.
The distribution function f(x,c,,t) of the constituent « satisfies the follow-

» Ca
ing Boltzmann equation:

Ofa Ofa
L 'ai” Z / fidh — fafs) gsabdbdzdes.  (81)

The above equation is a natural extension of the Boltzmann equation (2.20)
because the collision term in the right-hand side of (8.1) takes into account
the encounters of the various molecules of the mixture. The term F; represents
the specific external force which acts on the molecule of the constituent a.
Here, it is supposed that the specific external force is only of gravitational
nature, so that it is the same for all constituents. As usual, in (8.1), the
abbreviations f;, = f(x,¢cq,t), f5 = f(x,¢j,t), and fg = f(x,cg,t) were
introduced. Furthermore, the post-collisional velocities (cl,, c’g) are given in
terms of the pre-collisional velocities (c,,cg) by the relationships (1.94).

The transfer equation for the constituent « is obtained through the
multiplication of the Boltzmann equation (8.1) by an arbitrary function
Yo = Y(x,c,,t) and the integration of the resulting equation over all values
of c¢,. By following the same methodology of Section 2.3, yields

9 O [ [[0a e O
E/wafadca'i‘ 8—@/%% fadca /|: ot +c; o, + F; 86? dcg

n
= Z /w; — Ya) fafs9pabdbde degdc,. (8.2)
B=1
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Note that the right-hand side of the above equation was obtained by changing
the velocities (ca,cg) by (c,,cj) and using the relationships g5, = 9ggas
V =b, de' = de, dcjzdcey, = degdce,.

The sum of (8.2) over all constituents a = 1,...,n leads to the transfer
equation for the mixture, namely,

o X PR ) 0 oo, o
aé/wafadca'f'a_xi;/wacifadca—;/[at +CZa—xl

o

F;
N ocs'

1
deo = i > /(%Wﬁ—%—%)(f&f[’;—fafﬁ)gﬁabdbdﬁ deg dea,

a,f=1

(8.3)
where the sum on the right-hand side of the above equation is over all values
of a and (.

Exercise

8.1 Obtain the right-hand side of the transfer equation for the mixture (8.3)
by following the same arguments of Section 2.3.

8.2 Macroscopic Description

From the microscopic quantities associated with the molecules of the con-
stituent «, namely, mass m,, momentum mqc{ and translational energy
mac? /2, one defines the macroscopic fields

0a(X%,t) = /n”aafa(x7 c,,t)dc, — mass density, (8.4)

005 (%, 1) = /macf‘fa(x, c,,t)dc, — momentum density, (8.5)
1

Oalia(X, 1) = i/macifa(x,cwt)dca — energy density. (8.6)

By introducing the peculiar velocity Cf* = ¢ — v$* of the constituent «, one
may decompose the energy density as

1

1
Oally = Egavi + 00, where O0afa = 3 /maC’ifadca (8.7)

is the internal energy density of constituent «.
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The balance equations for the fields (8.4)—(8.6) are obtained from the
transfer equation (8.2) by choosing v, equal to

(a) Balance of mass density (Vo = mq):

9oa | 90av;"
ot 8.’171

=0, (8.8)

(b) Balance of momentum density (1o, = macd):

00a V5
L, 9
8t 837]‘

(0avi' 0§ +pf}) = 0o Iy + 77, (8.9)

(c) Balance of energy density (Vo = mac?/2):

4 5+12 9 a+12"+“+"”‘
s o a 3V o e} 5Va | Vg 7 i Vg
at |° D oz, |° 2 @i T Pjit

= 0o Fiv§ + o (8.10)

The production term of the mass density of the constituent « is zero, since
the collision term of the Boltzmann equation (8.1) does not take into account
chemical reactions (see Chapter 9 for the inclusion of chemical reactions). The
production term of the momentum density 7§ and the production term of
the energy density (, represent the momentum and energy exchanges among
the constituents, respectively. Their expressions are given by

/ma ) fuf3gsabdbde deg de,, (8.11)

Co = Z / Mo (€2 — 2) fufagsabdbde deg dc,. (8.12)

Moreover, in (8.9) and (8.10), the pressure tensor pf; and the heat flux vetor
g of the constitutive o were introduced, which are defined by

1
p% = /maciac?fadcav Q? = §/mocciczqfadcoz~ (813)

The sum of the balance equations (8.8), (8.9) and (8.10) over all values of
a = 1,...,n leads to the corresponding balance equations for the mixture.
These equations should have the same structure as the balance equations
(2.97), (2.98) and (2.99) for a single component, namely,

% + %Q;i =0, (8.14)
dov; 0
7 — (ovivj + pij) = oFi, (8.15)

ot + Ox;
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0 1 0 1
e { (5 + 2v )} + Bz, {g(s + 5712)%» + ¢; + pijvj| = oFv;. (8.16)
From the comparison of the sums of (8.9) and (8.10) with the corresponding
ones (8.15) and (8.16), it follows that the momentum and energy production
terms must vanish, i.e.,

n n
> =0, Z = (8.17)
a=1 a=1

The above conditions can be obtained from the right-hand side of the transfer
equation for the mixture (8.3), since at collision, the conservation laws hold:
MaCa +MpaCH = M C, +mpcy and mach /2 +mpch /2 = macl [2+mpc /2.
Furthermore, the comparison of (8.14) with the sum of (8.8) leads to the
identification of the mass density and momentum density of the mixture:

0= ZQ& = Z/mafadcaa QU; = Zga Z/mac fadcq,.

(8.18)
In order to obtain the expressions for the internal energy density, pressure
tensor and heat flux vector of the mixture, one has to introduce the diffusion
velocity u$ of the constituent «, defined by

u? = ’UZ(.I — Uy, SO that Z Qau? =0. (819)

The constraint (8.19)s indicates that there exist only (n — 1) linearly inde-
pendent diffusion velocities.

Once the diffusion velocity is introduced into the sums of the balance
equations (8.9) and (8.10), one can obtain the following expressions for the
pressure tensor, internal energy density and heat flux vector of the mixture:

Zi: (05 + eauiuf) (8.20)
Efi ( 2) : (8.21)
Zn: {qz + 0a (ea + ;u > Uy +p;§u§‘] . (8.22)

One infers from the above equations that: (a) the pressure tensor of the mix-
ture is a sum of the pressure tensors of the constituents pf; and of the mo-
mentum fluxes in diffusive motion oo uf'u§'; (b) the internal energy density of
the mixture is a sum of the internal energy densities of the constituents g,
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and of the kinetic energy of the diffusive motion g,u2/2 and (c) the heat flux
vector of the mixture is a sum of the heat flux vectors of the constituents ¢,
of the internal and kinetic energies in the diffusive motion g, (Ea +u?/ 2) us
and of the power of the pressure tensors in diffusive motion p;us".

Often, in the theory of mixtures, the diffusion flux of the constituent « is
introduced, which is defined by J& = gau$. Due to the constraint (8.19)s,
there exist only (n— 1) linearly independent diffusion fluxes. Furthermore, in
terms of the distribution function f,, the diffusion flux of constituent a can
be represented as

I = 00 (V5 —v;) = /ma (¢ — ;) fadeq = /mag,f"fadca, (8.23)

where £¥ = v{* —v; is a peculiar velocity of constituent o with respect to the
velocity of the mixture.

Another useful balance equation is the one for the internal energy density
of the mixture. It can be obtained from the balance equations (8.15) and
(8.16) by following the same methodology described in Section 2.5.2, yielding

doe 0 ov;

ot o, eevi T a) TG =0 (8.24)

The balance equation for the entropy density of the mixture is obtained by
choosing ¥, = —klInb, f,, where b, is a constant, into the transfer equation
of the mixture (8.3), yielding

00s
ot o

(osv; + ;) = . (8.25)

The entropy density os, the entropy flux ¢; and the entropy production
density ¢ of the mixture are given by

n
08 = Z OaSas OaSa = *k/(fa Inbg fo)dea, (8.26)
a=1
n
£ = D[40 +oasen), o= —k/(fa Inbg fo)COdea, (8.27)
a=1
k n / fc/yfé <f¢;f[/3 )
e 222 (22 1) fofagpabdbde desden,  (8.28
4 a%; Jafs \fafs fafsgs 3 ( )

where 005, and ¢$ denote the entropy density and the entropy flux of the
constituent «, respectively.

One may infer from (8.26)—(8.28) that: (a) the entropy density of the
mixture is a sum of the entropy densities of the constituents gnsq; (b) the
entropy flux of the mixture is a sum of the entropy fluxes of the constituents
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% and of the entropy densities of the diffusive motion g, sqou and (c) the
entropy production density of the mixture is a positive semi-definite quantity
¢ > 0, thanks to the inequality (z — 1) Ina > 0, which is valid for all z > 0.

Exercise

8.2 Obtain the expressions for the pressure tensor (8.20), internal energy
density (8.21) and heat flux vector (8.22) of the mixture.

8.3 Thermodynamics of Fluid Mixtures

Within the framework of the thermodynamic theory of irreversible processes,
a fluid mixture of n constituents is described by (n + 4) scalar fields:

0n - mass densities, (¢ =1,2,...,n)
v; - hydrodynamic velocity of the mixture, (8.29)
T - temperature of the mixture.

By introducing the mass concentration c,, of the constituent «

n
Co = Q_a7 such that Z Co =1, (8.30)
0 a=1

the set of macroscopic fields (8.29) is equivalent to

o - mixture’s mass density,

Cq - mass concentrations, (o« =1,2,...,n—1)
v; - hydrodynamic velocity of the mixture,

T - temperature of the mixture.

(8.31)

Note that, according to the constraint (8.30)2, there exist only (n—1) linearly
independent mass concentrations.

The starting point of the thermodynamic theory of irreversible processes
is the Gibbs equation (see (8.162) of the appendix)

n n-1
1 P 1 P
ds = — |de — Sdo — adea | = = |de — Sdo — o — fin) dea
s=7 |- de a§_1u c T |z a§:1(u un)C]

(8732)
In terms of the material time derivative D = 9/t + v;0/0x;, the above
equation can be written as

n-1
1 P
Ds = T De — EDQ - ;(Ma — pn)Dcq (8.33)
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By following the methodology of the thermodynamic theory of irreversible
processes, the material time derivatives of the fields c,, ¢ and € are eliminated
from the Gibbs equation (8.33) through the use of the balance equations that
follows from (8.8), (8.14) and (8.24), namely,

o0JY 81)1-
D, L=, D
ere * 8%‘1 Q+98xi

aqi 8’()1'
—— = 0. (8.34
8xi+p38x]— 0. (8.34)

=0, oDe +

Hence, after some rearrangements, the balance equation for the entropy den-
sity of the mixture reads

L=¢>0, (8.35)

where the entropy flux (; and the entropy production density ¢ of the mixture
are given by

n-1
% Ha = HD o
i = ; = Ji and (8.36)
1or oo fha — M0 1 ov; 1 v
=g = S L (Ha BB jo o — puy = (8.37
s ¢ T? Ox; ; ox; ( T ) ¢ Twax,; Tp< 2 Oz ( )

respectively. Note that the entropy flux of the mixture is equal to the heat flux
vector divided by the temperature—as in the case of a single gas (see (3.7)1)—
plus a term related with the diffusive motion of the constituents. Furthermore,
the entropy production density is a positive semi-definite quantity. It is worth
noticing that for mixtures of rarefied monatomic gases the dynamic pressure
w vanishes.

One may infer from the expression for the entropy production density
(8.37) that it is a function of the thermodynamic forces and fluxes given in
Table 8.1.

Table 8.1 Thermodynamic forces and fluxes

Thermodynamic forces (cause)| Thermodynamic fluzes (effect)

dv; i AT Il(pa—pn)/T) - T 1a
Oz’ Oxjy’ dx; ! ox; W, Pljys i JZ

According to the methodology of the thermodynamic theory of irreversible
processes, the thermodynamic fluxes are related with the thermodynamic
forces by linear laws. Hence, one may write the following constitutive equa-
tions for the thermodynamic fluxes:
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N oT 0 Ko — Un
P = — == — T _D/ _— .
4 T 8332 042::1 “83:2 < T ’ (8 38)
D, oT = 0 (ps—H
a_  Haldlb / —rn
T Tﬁ; Dis gy ( = ) , (8.39)
Ov; v
_ = —92 4
w 833‘1 ’ Pij) :U'arj) (8 O)

Equations (8.38), (8.39) and (8.40) represent the laws of Fourier, Fick
and Navier—Stokes, respectively. The scalar coefficients in (8.38)—(8.40) are
related to: (a) thermal conductivity A’ ; (b) diffusion D5 (¢, 8 =1,2,...,n—
1); (c) diffusion-thermal effects D!, (o« = 1,2,...,n — 1); (d) thermal-
diffusion effects D, (v = 1,2,...,1n—1); (e) bulk viscosity  and (f) shear
viscosity .

The cross effects of thermal-diffusion and diffusion-thermal are also re-
ferred in the literature as Soret effect and Dufour effect, respectively.

The thermodynamic theory of irreversible processes postulates the follow-
ing relationships for the coefficients

ws = Djas D, =D, (8.41)

which are known in the literature as the Onsager reciprocity relations.! The
first relation above indicates that the matrix of the diffusion coeflicients is
symmetric, while the second one reveals that the coefficients of cross effects
are identical. In Section 8.9, it will be shown from a kinetic theory that the
Onsager reciprocity relations hold for mixtures of monatomic gases.

Exercises

8.3 Obtain the expressions for the entropy flux (8.36) and entropy production
density (8.37).

8.4 Insert the constitutive equations (8.38), (8.39) and (8.40) into the entropy
production density (8.37) and show that n > 0, u > 0, XN >0 and D, = 0.

8.4 The Equilibrium Distribution Function

As in the case of a single gas (see Section 2.6.1), the state of equilibrium for
mixtures of gases is defined as the process which renders the collision terms
of the Boltzmann equation (8.1) to vanish. Hence, it follows

! Lars Onsager (1903-1976) Norwegian-American physical chemist.
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PO PO OO oy 0 O — i O i £, (3.42)

It is easy to verify from the conservation laws of momentum (1.91) and energy
(1.92) that the distribution function f, must be represented as

Mo 2

In f{ = Ao+ B (maca) + D (52 2) | (8.43)

where A, and D denote scalar functions, and B is a vectorial function, which
does not depend on ¢, . By introducing a}, u and b* such that 4, =Ina}, —
meb* u?, B = 2b*u and D = —b*, (8.43) can be rewritten as

FL0 = aze—mab*(cfu)m, (a=1,2,...,n). (8.44)

The n equilibrium distribution functions f&o) are determined from the (n +
4) basic fields of mass densities, hydrodynamic velocity and temperature of
the mixture. To begin with, the substitution of the distribution function
(8.44) into the definitions of the mass density (8.4) of constituent o and of
the hydrodynamic velocity (8.18)a of the mixture and the integration of the
resulting equations leads to the knowledge of the coefficients a? and u, so
that the distribution function becomes

3
f(go) = Ny (";ab*> 2 e_mab*§§/27 (845)
e

where n, = o /M4 is the particle number density of the constituent «.

The determination of the coefficient b* is more involved. First, one evalu-
ates the diffusion flux J* at equilibrium by inserting the distribution function
(8.45) into its definition (8.23) and integrating the resulting equation, yielding

I e = cauf|p = 0. (8.46)

By using the above result, (8.21) reduces to

n
QE‘E = Z Qa5a|E~ (847)
a=1

Next, by using the same methodology, the substitution of the distribution
function (8.45) into the expressions for the internal energy density (8.7)2 and
for the entropy density (8.26)5 and the subsequent integration of the resulting
equations leads to

3
3n 3 meab*\ 2
Qa5a|E:§b_*av QoesalE:kna{§_lnna_ln |}%x< 2C;_ ) ‘|}

(8.48)
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By summing the above equations over all constituents, it follows the corre-
sponding expressions for the internal energy density and entropy density of

the mixture, namely,
b\ ?
Ma
b
=)}

(8.49)
where n = Zg=1 nq denotes the particle number density of the mixture.
Now, the determination of the coefficient b* proceeds by differentiating the
entropy density of the mixture (8.49)s, which, after some rearrangements,
becomes

n
3n 3
Q€|E:§b—*, Q5|E:§k‘n—k2na{lnna+ln

a=1

3
. n 1+1In {ba (%) : n(,}
ds|g = kb*{ de|p — de -> dcg,

a=1

" . (8.50)

by using the equation for the internal energy density (8.49);. From the com-
parison of the above equation with Gibbs’equation (8.32), one infers that
b* = 1/kT, where T denotes the absolute temperature of the mixture. Fur-
thermore, one identifies the hydrostatic pressure of the mixture and the chem-
ical potential of the constituent « as

kT kT Ng My, \ 5
=nkT alE=—+—<In— +In|by | — . 5l
p=nrs Halp Ma ma{nT§+n{ (27Tk> }} (8.51)

The identification of b* = 1/kT implies that the internal energy density
(8.48); and the entropy density (8.48)2 of the constituent o become

3 k k T3 3 Mo \ 3
ga\E—§m—aT, saE—m—a{ln——k——ln{ba(T) ” (8.52)

Furthermore, the distribution function (8.45) reads

3
ﬂ 2 _ 2 m
O = n, <7a e Pata where Ba = 2]{—; (8.53)
One recognizes the above equation as the Maxwellian distribution function
for the constituent a.
It is worth noticing that the chemical potential for a mixture of rarefied
monatomic gases can be expressed—due to (8.51) and (8.52)—as

bolE =¢€alEp — TSalE + p—a, where Do = N kT (8.54)
0

e

is the hydrostatic pressure of the constituent «.
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Exercises

8.5 Obtain the expressions for the distribution function (8.45).

8.6 Show that the differentiation of the entropy density of the mixture (8.49)y
leads to the expression (8.50).

8.7 Show that for the constituent a: p?ij>|E =0, ¢¢lg = 0 and ¢¢|g = 0.
Furthermore, show that for the mixture: pi;;,|r = 0, ¢i|p = 0 and ¢;|g = 0.

8.5 Equilibrium States

In the previous section, the Maxwellian distribution function (8.53) was ob-
tained by using the argument that the right-hand side of the Boltzmann
equation (8.1) —which refers to the collision between the molecules of the
constituents—vanishes at equilibrium. Hence, by considering the Maxwellian
distribution function, the left-hand side of the Boltzmann equation becomes

ol Lofl”  afl
o T +Fg e =0, (8.55)

K2

which in terms of the derivatives of the fields o, v; and T reads

Do DT mai 3 Me o,
féo){—g‘F—( : _§>+ﬁ£i (Dv; — F)

Oa T 2kT
o[ 1006 10T (ma&2 3 Mo 001 |
+ & [Qa ox; + T Ox; ( 2%T D) + kaj oz, =0. (8.56)

By following the same methodology of Section 2.6.2, the coefficients of the
polynomial equation (8.56) in the variable £ must be zero, so that

Do 3DT DT ov;  Ov;
22 =y i)~y .
0w 2T 0 T ™ <8mj * ax,») 0 (8:57)
kKT (1 0o, 310T orT
Dv;, — F; + — | — e =0, =U. .
v * M <ga oxr; 2T 8xi> ox; 0 (8.58)

In order to investigate (8.57) and (8.58), one takes the trace and the traceless
parts of equation (8.57)2 and obtains
dv; v, 0

or; 0, Oy

3
SkDT +p (8.59)
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Next, by eliminating DT from (8.57); through the use of (8.59)1, it follows

Doa + Qag—z = 0. (8.60)
The comparison of (8.60) with the balance of mass density (8.8) of the
component « implies that the diffusion flux must be zero at equilibrium,
ie., J¥ g = 0. Likewise, from the comparison of (8.59); with the balance
of the internal energy density of the mixture (8.24) and by considering
oelg = 3nkT/2, it follows that the values at equilibrium of the pressure
tensor and of the heat flux vector read p;j|g = pdi; and ¢;|r = 0, respec-
tively. One extends the terminology adopted for a single fluid and says that
the thermodynamic fluxes at equilibrium for an Eulerian fluid mixture are
characterized by: J*|g =0, pij|g = pdi; and ¢;i|g = 0.
The last comparison refers to the balance of momentum density of the mix-
ture (8.15) and (8.58);. By taking into account (8.58)2 and the constitutive
equation p;j|g = pd;j, it follows that in equilibrium

10n 1 Ong
- S . .61
0 axz Oa axz (8 0 )

From the above relationship, one can build the so-called generalized diffusion
force of the constituent o, namely,

n 1%

or;  pOox; opdx;

o = 0 (na) N (na Qa) Olnp 19pa  0a Op (8.62)

The generalized diffusion forces have the properties: (a) they vanish at equi-
librium and (b) there exist only (n — 1) generalized diffusion forces, which
are linearly independent, i.e.,

n
dlp=0 Ya=12...n > df=0. (8.63)
a=1

Hence, the equilibrium state of a fluid mixture is characterized by the van-
ishing of the thermodynamic forces:

T vy
or| _ Yl o, dp=0 Ya=1,2,....0  (3.64)
ox; 0z j
E E
Exercise

8.8 By following the methodology described above concerning the comparison
of the equations show that at equilibrium J|g =0, pij|lg = pdij, ¢ilg =0
and 0,0n/0x; = pOng/0x;.
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8.6 Grad’s Distribution Function

In order to determine Grad’s distribution function for the constituent «, one
expands the distribution function f, in series of the peculiar velocity &,
namely,

o= f (0 + aP€7 + aE2 &5 + afy €267 (8.65)

where the coefficients a®, af, ag; and agy; do not depend on the peculiar
velocities and are determined from the definition of the fields mass density g,
diffusion flux J;*, pressure tensor p7; and heat flux vector ¢;* of the constituent

«, namely,
%:/m%mm Qw:/mﬁnmm (8.66)
1
Py = /maCZ«"‘C’j‘?‘fadca, @ :/§ma0205‘fadca. (8.67)

In a linearized theory, the pressure tensor (8.67); and the heat flux vector
(8.67)2 can be written in terms of the peculiar velocity &8 = C& + u$ as

piaj = /mo‘ (5;}5;1 - fz'au? - g}xu?) fadca7 (868)
e 1 2ea 2, a0 geaca, a d 8.69
4% = Qma (gagz aly & frur)fa Ca, ( . )

by neglecting all products of the diffusion velocity u*.

For the determination of the coefficients a®, a;*, af; and a7}, the insertion
of the distribution function (8.65) into (8.66), (8.68) and (8.69) and the in-
tegration of the resulting equations lead to the following coupled system of
algebraic equations:

kT kT
e L e st ] (5.10)
Mea Me Ma
kT kT
p% = Q(ym—a |:a°4(5ij + m—a(2a% + aﬁ‘réij)} , (8.71)
5 kT [ kT KT\ > 5kT
@ ==0a— 1 —aF+7(—) a¥. — [a®+ al. | ug 5. (8.72)
2" " me | ma Mg & 3mq

Above, all products of a‘é m and a;; by ugi* were neglected, since they are of
the same order.
By solving the system of algebraic equations (8.70)—(8.72) for the coef-

ficients a®, a", ag; and ag;; and by substituting the results into (8.65), one



216 8 Mixtures of Monatomic Gases

obtains Grad’s distribution function for the constituent « for a mixture of
monatomic rarefied gases:

% aca 2
fo = 1 (5—“> exp (Mi) {1 125,280 | 20 | e caga
™ O« O«
4 @ o 2 5
+ 5%’ & (ﬂaﬁa - 5)] } (8.73)

Note that in Grad’s distribution function above the temperature is the tem-
perature of the mixture which is the same for all constituents. In this chap-
ter the case where each constituent has its own temperature will not be
treated.

Once Grad’s distribution function (8.73) is known, one may calculate the
entrop